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Abstract
In this dissertation, transverse Anderson localization (TAL) of light mediated by
disordered optical fibers is exploited for high-quality optical wave transmission and
novel random lasing applications. En route, we first establish a powerful numerical
platform for detailed investigation of TAL optical fibers (TALOF). Our approach is
based on a modal perspective as opposed to beam propagation method (BPM) which
was primarily used in the previous studies of TAL in disordered optical fibers. The
versatile numerical tools developed in our simulations result in a potent methodology
for simulation of TALOFs; the result is a fast and effective algorithm which can be
implemented on personal computers in contrast to the previous efforts which required
high performance computing and were quite time consuming. In addition, the modal
perspective is more robust and reliable because it is independent of the initial exci-
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tation properties, encompasses the full vectorial nature of light, and depends solely
on the features of the disordered fiber.
As one of the significant applications of TALOFs, the first laser device mediated
by these fibers is reported. The complex nature of the disordered fiber in combination with lasing action result in a rich physical system which is of fundamental
and practical importance in the context of random lasers. Most of the previously
reported random lasers suffer from multi-directional emission and spectral instability which have prevented these otherwise versatile light sources from being main
stream photonic devices. Random laser action in TALOF is directional and free of
spectral instability; light amplification in TALOF occurs in transmission channels
which are induced by transversely localized modes. We demonstrate that the strong
isolation of these transmission channels reduces the mode competition significantly
and the resulting random fiber laser is highly directional and free of chaotic spectral
fluctuations.
As another major contribution of this dissertation, we show that while disorder
is always considered as a source of noise and deviation from the ideal performance in
optical devices, if the randomness is strong enough, high-quality single-mode wave
transmission is supported in completely disordered optical fibers, thanks to the peculiar Anderson localization phenomenon. Our detailed numerical and experimental
analysis on the beam quality of the Anderson localized modes proves that a substantial number of them possess M 2 < 2 indicative of nearly diffraction limited beam
qualities. Our studies in this dissertation pave the way for a new class of single-mode
fiber lasers and hint to the potential of our disordered fiber in nonlinear applications
where a high quality wavefront is required.fdece
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Chapter 1
Introduction

1.1

Anderson localization

Anderson localization is named after Phillip W. Anderson who first theoretically predicted the absence of diffusion in certain random electronic lattices [1]. In his seminal
paper, published in 1958, Anderson conjectured that beyond a certain level of disorder, localized electronic states are formed, diffusion process stops, and a rapid phase
transition from metals to insulators occurs. He had been confronted with peculiar
experimental results indicating anomalously long spin relaxation times in heavily
doped semiconductors at Bell Laboratories [2]. This observation could be explained
by assuming localized electrons but this revolutionary picture was in contradiction
to the commonly accepted diffusive model of the electrons in the disordered lattices
at the time.
The study of the conductance of electrons is a very old problem in condensedmatter physics. For example, in the classical Drude model of conductance, it is
assumed that the free electrons are scattered by heavier ions in the ordinary lattice
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sites. This model results in a formula for the conductivity:
σ=

e2 ne l∗
,
me vavg

(1.1)

A key parameter in Eq. 1.1 is the mean free path length (l∗ ) which is the average
distance between two successive collisions. Because of the basic assumption made
in Drude model about the scattering of electrons in the ordinary lattice sites, this
parameter must be close to the lattice constant. However, experiments indicate
l∗ ∼ 100 nm in metals which is much larger than the lattice constant.
This significant discrepancy was later understood by the emergence of quantum
mechanics. The electrons are diffracted from the ordinary lattice sites as a direct
consequence of their wave nature. The scattering, and therefore resistance, appears
only because of the imperfections in the lattice. This insight explains the long mean
free path length observed in the experiments. A revised Drude model can be used
where the electrons undergo a zigzag motion among the impurities in an imperfect
(disordered) lattice (please see Fig. 1.1). The mean free path length in the revised
Drude model is a measure of the disorder where a higher level of disorder results in
a shorter l∗ and therefore a smaller conductivity (see Eq. 1.1).

Figure 1.1: Drude model of conductivity with a quantum mechanical revision. Free
electrons are scattered by the impurities. The ordinary lattice sites are not shown.
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Anderson questioned this simple picture and asked if the conductivity keeps decreasing monotonically with an increase in the level of disorder or something unexpected occurs at the large values of disorder? In order to appreciate this possibility,
consider an electron which travels from point a to point b in a disordered medium
with two distinct paths, as shown in Fig. 1.2. Based on the elementary wave mechanics, we can assume an amplitude for each of the paths. For the probability of
the presence of the electron at point b, we have:
P (b) = (AI + AII ).(AI + AII )∗ = |AI |2 + |AII |2 + A∗I .AII + AI .A∗II .

(1.2)

The first two terms in Eq.1.3 are the classical incoherent contributions, but the

Figure 1.2: Two distinct paths for an electron traveling from point a to point b. AI
and AII are the amplitudes of the paths.

last two terms are the result of interference and are related to the wave nature of
the electron. However, in a highly disordered system, it can be argued that there
are several number of distinct paths for the electron going from point a to point b
and the phase of these paths are completely random. Therefore, it is tempting to
conjecture that the interference terms are averaged out, and the probability of the
presence of the electron at point b is:
P (b) =

N
X

|An |2 ,

(1.3)

n=1
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where N is the number of distinct paths for the electron traveling from point a to
point b.
But, this neglect of interference for a highly disordered system is not always
justified. Suppose an electron travels from point a to point b and then goes back
to point a. In Fig. 1.3 two possible paths are shown; the two paths are exactly the
same but in opposite directions. If the probability of finding the electron at point
a is calculated, we end up with two completely different results when we ignore the
interference:
P (a) = |AI |2 + |AII |2 = 2|A|2 ,

(1.4)

as opposed to when we consider it:
P (a) = |AI |2 + |AII |2 + A∗I .AII + AI .A∗II = 4|A|2 ,

(1.5)

where AI = AII = A are the amplitude of the two paths which are equal. Notice
that the interference terms add up because the two paths are completely identical
and therefore in phase. The coherent treatment of the electron leads to a signifi-

Figure 1.3: Two paths for an electron going to point b and returning to point a. The
two paths are identical but in opposite directions. AI and AII are the amplitudes of
the paths. The image is from Ref. [2].

cantly larger value for the probability of finding the electron back at point a. This
phenomena is called coherent backscattering or weak localization. The enhanced
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backscattering results in an anomalous reduction in the conductance, a significant
deviation from the conductance predicted by Eq. 1.1, and is considered as a precursor
to Anderson localization. The formation of loops similar to the ones demonstrated
in Fig. 1.3 becomes more probable at the higher levels of disorder. Anderson showed
that beyond a certain level of the disorder, the interference will eventually localize
the electron around point a and as a result, a rapid phase transition from metals to
insulators happens [1].
Even though Anderson proposed his idea for electronic lattices, the nature of the
localization is the interference and therefore it can feature in any wave phenomena,
including acoustics, elastics, electromagnetics, optics [3–11], and various quantum
optical systems, such as atomic lattices [12] and propagating photons [13–16]. The
“scaling theory of localization” [17] indicates that in three dimensional (3D) disordered systems a phase transition from extended waves to localized waves occurs at
large enough levels of disorder. However, the disorder level required to observe Anderson localization is very large. This requirement is called Ioffe-Regal criteria [18]
and is summarized as follow:
k0 l∗ < 1,

(1.6)

where k0 is the wave vector and l∗ is the mean free path length. In 3D optical
systems, this requirement is very hard to establish. This is the main reason why
Anderson localization is not observed in many naturally scattering media such as
clouds, fog, etc. Several publications report different synthesized materials for the
observation of light localization in 3D [2]. In all of the reports, the effort has been to
maximize the refractive index contrast between the constituent materials to increase
the disorder and satisfy the Ioffe-Regal criteria, while minimizing loss to ensure what
appears as localization is not actually optical attenuation.
In contrast to 3D systems, one and two dimensional (1D and 2D) disordered
systems are always localized and it is only a question of the size of the system with
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respect to the localization radius [17]. In other words, all of the states of 1D and
2D disordered systems are Anderson localized but for a fixed value of disorder, it
is necessary to make sure that the system is large enough to encompass the entire
intensity profile of the exponentially decaying states. The fact that Anderson localization is easier to be obtained in 1D and 2D opens up a new realm in the field that
will be introduced in the next section.

1.2

Transverse Anderson localization

Suppose the randomness is introduced in only one (two) dimension(s) and the other
two (one) dimensions are left invariant. A narrow initial excitation in such a quasi-1D
(2D) random system will remain transversely confined as it freely propagates along
the invariant dimensions. The narrow injected input beam will undergo an initial
expansion and eventually becomes transversely localized to a beam with a radius of
the order of the localization radius. This phenomena is called transverse Anderson
localization (TAL) and was first theoretically proposed in Refs. [19, 20].
Several observations of TAL have been reported over the past few years [21–25].
Schwartz et al. adopted an optical induction technique to induce engineered random
patterns in a photonic lattice. The transition from ballistic transport to diffusion and
eventually TAL of light was observed in an ensemble averaged intensity profile after
experimentally accessible propagation distances (L ≈ 10 mm) along the transversely
disordered lattice. A schematic of the photonic crystal with no disorder and large
values of disorder, and also the ensemble averaged intensity profiles related to the
transition from ballistic transport to diffusive transport, and finally TAL, reported
by Schwartz et al., are shown in Fig. 1.4.
TAL was also experimentally observed in a quasi-1D disordered photonic lattice fabricated on an AlGaAs substrate [21]. Fig. 1.5 shows how the initial beam is

6

Chapter 1. Introduction

diffracted in a completely periodic lattice and becomes localized as the disorder is introduced by randomization of the width of the individual waveguides etched through
the AlGaAs substrate. In another study, Pertsch et al. studied light propagation in
a disordered array of mutually coupled optical fibers and reported signatures of TAL
in the linear and nonlinear regimes [26].

Figure 1.4: (a) The schematic of the photonic crystal with no disorder in which
the beam expands as it propagates versus the case with disorder in which the beam
expansion is smaller after the same propagation distance. The intensity profile at
the end of the periodic lattice with (b) no disorder, (c) moderate disorder, and (d)
large disorder. Reprinted with permission from ref. [27].

Figure 1.5: (a) The schematic of the quasi-1D AlGaAs disordered lattices. The
intensity profile at the end of the sample for (b) no disorder, (c) moderate disorder,
and (d) high disorder. Reprinted with permission from ref. [21].
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1.3

TAL optical fiber (TALOF)

TAL is a waveguiding mechanism; a beam of light is transversely confined because
of the strong transverse disorder and localization while it freely propagates along the
invariant dimension. Nevertheless, for device level applications, the localized beam
radius must be comparable to conventional waveguides, such as step index optical
fibers, and also the localization radius must be consistent across the entire transverse
profile of the disordered lattice. These important conditions are not met in Ref. [23]
because the random fluctuations of the refractive index are very small (∆n ∼ 10−4 ).
Therefore, for a realization of a reliable TAL based waveguide, a larger refractive
index contrast is essential.
Karbasi et al. applied a novel approach to realize the first TAL based optical
fiber [24, 28]. In this pioneering work, approximately 80000 strands of Poly(methyl
methacrylate) (PMMA) and Polystyrene (PS) optical fibers where randomly mixed
to form a macroscopic version of the random fiber. The refractive index contrast
between PMMA and PS is ∆n = 0.1, where nP M M A = 1.49 and nP S = 1.59. In
the context of fiber optics, this macroscopic structure is called a preform, which
is a bigger solid version of the fiber. The preform was then taken into an optical
fiber draw tower where it was heated and drawn into the final fiber under carefully
controlled draw conditions (temperature, pulling rate etc). A Scanning Electron
Microscope (SEM) image of the final fiber and a magnified version are shown in
Fig. 1.6a and Fig. 1.6b, respectively.
TAL of light was successfully demonstrated in this optical fiber [24, 29], and was
used in multiple beam propagation [30], and high-quality image transport [31, 32] as
shown in Fig. 1.7, Fig. 1.8, and Fig. 1.9, respectively. A glass based TALOF was also
fabricated using a porous glass preform [33]. Recently, a glass-TALOF fabricated by
a two stage stack and draw method was also fabricated in the University of Central
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Figure 1.6: (a) A SEM image of the first TALOF. (b) A magnified version of the
SEM image. The dark sites are PS and the lighter sites are PMMA. The random
pattern remains invariant along the fiber. The total viewable width of the zoomed-in
SEM image in Fig. 1.6b is 24 µm in the vertical direction. Reprinted with permission
from ref. [24].

Florida and was successfully used in high-quality image transport [34]. Another
group in Japan have also made an all solid glass-TALOF using tellurite glasses with
a large refractive index contrast and applied it for near-infrared high-quality image
transport [35].

Figure 1.7: (a) Near-field intensity profile after 60 cm of propagation from experiment; near-field intensity profile after nearly 5 cm of propagation in a sample TALOF
from (b) experiment and (c) simulation. For comparison, we note that the total side
width of each figure is 250µm. Reprinted with permission from ref. [24].
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Figure 1.8: Multiple-beam propagation in a 5 cm-long TALOF (a) simulation for five
beams; (b) experiment for two beams; and (c) experiment for two beams with different wavelengths. All beams are at 405 nm wavelength, except the bottom-middle
beam in subfigure (c), which is at 633 nm wavelength. Reprinted with permission
from ref. [30].

Figure 1.9: Transported images of different numbers through 5 cm of TALOF, (a-d),
related to the group 3 on the 1951-AFTT (experimental measurements). Scale bar
= 120 µm. Reprinted with permission from ref. [32].

1.4

Dissertation outline

This dissertation is presented in 6 chapters1 . In the following, the first three chapters
are dedicated to the development of a new numerical approach to the optimization of
TALOFs where a modal perspective is adopted to study TAL, rigorously. Chapter 2 is
related to the analysis of the impact of the boundaries on the localization phenomena
1 The

material presented in chapters 2, 3, 4, 5, and 6 are already published in peer
reviewed journals [36–40], with the author of this dissertation being the first author on all
of the publications.
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in a quasi-1D disordered waveguide. In Chapter 3, scaling analysis of TAL in a quasi1D disordered waveguide is done and mode-width PDF is introduced as a robust
tool for the study of TAL. In Chapter 4, scaling analysis is extended to a quasi-2D
disordered waveguide (TALOF), and it is shown that by using mode-area PDF, the
challenging computational task of TAL simulation is doable on moderate personal
computers. Chapter 5 is dedicated to the first fiber laser mediated by a glass-TALOF
and it is shown how strong TAL enables stable and directional random laser emission.
In Chapter 6, a new glass-TALOF, drawn by two stage stack and draw method, is
applied for high-quality wave transmission and it is shown how strong TAL results
in high beam qualities with M 2 < 2.

11

Chapter 2
Impact of the boundaries on TAL;
a modal perspective
Anderson localization of optical waves near the boundaries has been discussed theoretically [41–44] and experimentally [45, 46]. A de-localizing effect near the boundaries of 1D and 2D random lattice waveguides has been reported, so that a higher
level of disorder near the boundaries is needed to obtain the same level of localization
as in the bulk [43–45]. These reports seemed to be in contrast with our experimental observation of transverse Anderson localization in a glass optical fiber, where a
strong localization happens near the outer boundary of the fiber and no trace of
localization is observed in the central regions [33]; however, the disagreements were
explained by considering the non-uniform distribution of disorder in the fiber, where
the substantially larger disorder near the outer boundary of the fiber was considered
to be the origin of a stronger localization in these regions.
In Ref. [45], numerical results are based on the beam propagation method [29,47]
where an initial excitation profile is propagated through the lattice waveguide and
the final output pattern reveals the extent of localization. To uncover the impact
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of the boundary on localization, the initial excitation profile is adjusted once to
cover the central regions of the waveguide and then its edges, and the output beam
profiles are compared with each other. However, this method is not independent of
the excitation profile and it is desirable to use a method that can quantify the effect
of the boundary on localization independent of the profile of the input beam [48,49].
Recently, Karbasi et al. [50] used a modal analysis to explore localization behavior of a disordered lattice waveguide. The modal analysis offers a clear intuitive
description of the localization phenomenon independent of the physical properties
of the external excitation. In this chapter, we carry out a detailed numerical investigation for the effect of boundaries on the formation of localized modes of a 1D
disordered optical lattice waveguide using the modal perspective. Our results show
that the average decay rate of the tail of Anderson localized modes is the same near
the boundaries as in the bulk. Of course, the boundary-side tail of any mode which is
localized near the boundary decays according to the boundary index step; however,
the side that faces the lattice decays with the same average exponent as any other
mode which is located anywhere else in the lattice.
Another observation presented in this chapter is that the modal number density
near the boundaries is lower compared with the bulk, confirming similar results obtained by Ref. [45]. Therefore, we suggest that the suppressed localization near the
boundaries is due to a lower mode number density rather than a weaker exponential
decay of the near-boundary localized modes. In other words, it is less probable to
excite a localized mode near the boundaries; however, once it is excited, its localization is with the same exponential decay rate as any other mode (on the disordered
lattice side).
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2.1

Modal Analysis

Several publications have utilized modal analysis in recent years [21, 51, 52]. It has
two main advantages over other techniques such as the beam propagation method for
the investigation of the localization-related phenomena in disordered optical waveguides: 1) The disordered lattice is an optical waveguide and can be analyzed as such.
The modal method is very powerful and is the standard technique to analyze optical
waveguides. 2) The modal analysis allows us to study the localization phenomenon
independent of the excitation profile while containing all the information provided
by the beam propagation method [50]. In this work, we have chosen to calculate the
transverse electric (TE) guided modes of the disordered waveguide using the finite element method (FEM) presented in ref. [53]. Refractive index profile of the disordered

Figure 2.1: Sample refractive index profiles of ordered (left) and disordered (right)
slab waveguides are shown.

lattice in this chapter is the same as the one in Ref. [50]. Briefly, the wave-guiding
profile is a disordered lattice, which is surrounded by a cladding with refractive index
nc on both sides. The disordered lattice is constructed by stacking a collection of
dielectric slabs with refractive index of n0 and n1 (n0 < n1 ). In our analysis, we
chose the refractive index of cladding region as nc = n0 , which resembles the practical disordered waveguides written on the silica glass by femtosecond pulses [45, 54].
Fig. 2.1(a) shows the refractive index profile of an ordered waveguide versus a disordered one, where for the ordered waveguide the thickness of each slab is chosen
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to be 2λ while for the disordered waveguide the thickness of each slab is randomly
chosen to be in the interval of [1λ, 3λ] with uniform probability. In order to observe
transverse Anderson localization, the disorder can be introduced in many different
ways into the waveguide, such as diagonal [1] or off-diagonal disorder [22,55, 56]; our
method is intended to be closely related to the recent implementations of disordered
optical fibers of [24, 25, 33], and relies on a combination of diagonal and off-diagonal
disorder. Fig. 2.1(b) shows the refractive index profile of the disordered structure.
For each guided mode, using Eqs 1-4, position (x), width (σ2 ), assymetry (σ3 ),
and skewness (S) of the mode across the waveguide are calculated [57]
Z +∞
x I(x) dx,
x̄ =
−∞
Z +∞
2
σ2 =
(x − x̄)2 I(x) dx,
−∞
Z +∞
σ33 =
(x − x̄)3 I(x) dx,

(2.1)
(2.2)
(2.3)

−∞

S=

2 σ3
.
σ23

(2.4)

I(x) is the intensity of the mode in the waveguide and it is normalized such that
R +∞
I(x)dx = 1. In these equations, x̄ is a measure of the position of the modes
−∞
across the lattice, σ2 is a measure of width of the modes meaning that a larger σ2 is
proportional to a wider mode intensity profile distribution, σ3 is a measure of mode
asymmetry in a sense that zero value of σ3 is equivalent to a totally symmetric mode,
and S is a measure of mode asymmetry, like third moment (σ3 ), except that it is
normalized by the mode width.
We investigate these characteristic features for 2000 realizations of the random
lattice for several values of refractive index difference (∆n). To study the localization
behavior as a function of location in the waveguide, the lattice is divided into 24 equal
bins of width 10λ each. The nth bin on the horizontal line is identified by the position
belonging to the interval, x ∈ [(10n + 5)λ, (10n + 15)λ], where n = 0, 1, 2, ..., 23 and
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x = 0 (x = 250λ) signifies the leftmost (rightmost) corner of the waveguide.
All the calculated modes are categorized based on their position, where each mode
is placed in one of the bins. Each bin is associated with a certain number of modes
and the statistics associated with that bin can be studied independently. Therefore,
we can judge with sufficient statistics whether the position in the waveguide and
the distance from the boundaries affect the characteristics (width, spatial density,
skewness and decay exponent) of the modes. The simulations are carried out for a
wavelength of λ = 1µm, n1 = 1.5, n0 = n1 − ∆n and the refractive index of cladding
nc is equal to n0 . We consider four cases by varying the refractive index difference
∆n from 0.0075 to 0.0150.

2.2

Results and discussion

In the following, we will discuss the average width, exponential decay rate, asymmetry (skewness), and spatial density of the localized modes. In particular, we are
interested in the impact of the boundary on these parameters. The results are presented in several figures, in which, the red filled circles indicate average values, and
the error bars show one standard deviation around the mean, calculated over the
relevant statistical ensemble.

2.2.1

Average width of the localized modes

The average width of the localized modes can be used as a measure of the localization
strength [50,58]. Smaller mode widths indicate a stronger localization and vice versa.
In this section, we study the average width of the modes across the waveguide in
order to investigate whether the position of the modes has an observable effect on
their average localized width or not. We observe that the lattice boundary affects the
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mode width merely by cutting off the intensity profile due to the lattice boundary
index step and does not affect the localization strength on the disordered lattice side.
In order to carry out the simulation, we sort the calculated modes based on
their positions in the lattice waveguide. Many instances of the lattice waveguide are
generated and the modes corresponding to a certain location are bundled together.
The average mode width and the standard deviation are calculated for each bundle
independently; therefore, values are obtained for each position on the lattice from
the corresponding bundle. In total, 2000 realizations of the random lattice waveguide
are generated in order to obtain sufficient statistics in each bundle.
Fig. 2.2 shows the average width of the localized modes across the waveguide
for various values of refractive index difference ∆n. The horizontal coordinate represents the mean position of the bundle of the modes associated with that position
(in the vicinity of that location) on the lattice waveguide. The vertical coordinate
corresponds to the width of the modes, where each red filled circle represents the
average width of the mode bundle in that position and the error bar is the standard
deviation.
The average width of the localized modes is smaller near the boundaries in comparison with those in the bulk regions. This observation is simply due to the step
index interface in the boundary where one side of the intensity profile of the mode
is nearly cut off. So, lower mode width does not reflect weaker localization on the
disordered lattice side.
The subfigures (a), (b), (c), and (d) in Fig. 2.2 correspond to ∆n=0.0075, 0.0100,
0.0125, and 0.0150, respectively. By comparing the subfigures, it can be concluded
that the disordered lattice refractive index difference ∆n plays an important role in
the localization of light in a disordered lattice [50]. As ∆n grows, average mode width
becomes smaller; therefore, Fig. 2.2(a) shows the weakest and Fig. 2.2(d) shows the
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Figure 2.2: Average width of the modes across the disordered lattice are plotted for
(a) ∆n = 0.0075, (b) ∆n = 0.0100, (c) ∆n = 0.0125, and (d) ∆n = 0.0150.

strongest localization. The modes in Fig. 2.2(d) are typically confined to only a
few slabs. As a result, the boundaries can affect only the modes that are located
very close to the boundaries. On the contrary, for Fig. 2.2(a), the boundary effect
propagates all the way through the lattice impacting all the modes throughout the
lattice.
In the next section, we will explore the average exponential decay rate of the
localized modes and draw conclusions that are consistent with those presented in
this section.

2.2.2

Average exponential decay rate of the localized modes

One of the commonly used metrics to quantify Anderson localization is the localization length Lc , which is defined through logarithmic average of the localized beam
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Figure 2.3: Log-average intensity profile of the modes in a disordered lattice for ∆n
= 0.0075, ∆n = 0.0100, ∆n = 0.0125, and ∆n = 0.0150. Smaller index difference
results in a weaker average decay. The profile corresponding to ∆n = 0.0075 cleary
shows the effect of the lattice-cladding index step.

profile intensity (modulus-squared) [59]. For a slab waveguide, in the absence of localization effect, the intensity profile of a propagating mode covers the entire lattice
width. Of course, the boundary-side tail of the propagating mode decays according
to the boundary index step but the intensity profile is spread over the entire lattice.
However, in the presence of localization effect, the tail of the intensity profile of a
localized mode decays exponentially, for which the decay rate is a measure of localization strength. A higher localization strength results in a faster exponential decay.
In Fig. 2.3, we plot the logarithmic average of the intensity of the normalized modes
of the disordered lattice. After solving for the guided modes of the lattice, we shift
the center of each mode defined by Eq. 2.1 to the center of the lattice. We then
repeat this over 2000 statistically identical lattices. We then take the logarithmic
average of the mode profile intensity (modulus-squared) of all these center-aligned
modes. The resulting log-average intensity profiles are plotted for ∆n = 0.0075, ∆n
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= 0.0100, ∆n = 0.0125, and ∆n = 0.0150.
As expected, the log-average intensity in Fig. 2.3 shows an exponential decay
behavior as exp(−|x|/Lc ). The localization length is clearly smaller for larger values
of disorder. For the case with ∆n = 0.0150, the decay is so strong that–on average–
the tails of the modes that are near the center of the lattice are hardly affected by
the boundary. In contrast, for ∆n = 0.0075, the disorder-induced decay rate is small
and the expeonentially decaying tail of the modes is eventually terminated at the
boundary by the lattice-cladding index step. The disorder induced decay exponent
is visibly different from the decay exponent due to the lattice-cladding index step in
Fig. 2.3.
It is clear that the lattice-cladding index step affects the intensity profile of the
beam on the side that faces the boundary; the non-trivial question is whether it
affects the average exponential decay rate of the opposite side that faces the lattice?
In other words, we would like to know whether the impact of the bounadry is only
limited to teminating the tail of a profile and changing its local exponential decay
rate, or it actually affects the disorder-based decay rate in the lattice-side of the
beam as well. In order to address this question, we compare localization strength
for the modes that reside in the central region of the lattice with that of the modes
that are near the boundary. The decay rate for the modes near the boundary is
calculated from the side of the mode that is facing the disordered lattice (away from
the cladding).
Comparisons are made for for various values of ∆n and are reported in Table 2.1,
where the decay rates are categorized for the modes that are located near the left
boundary, at the central bin, and near the right boundary. For each value of ∆n,
the average decay exponent is independent of the location of the beam in the lattice;
therefore, the boundary does not affect the localization strength on the lattice side
of the modes. However, the decay rates are affected by the value of ∆n, as expected.
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Table 2.1: Average exponential decay exponent of the localized modes are reported
at the leftmost, central, and rightmost bins of the lattice for different values of ∆n.
The decay rates of the near-boundary modes are obtained from the tail of the modes
that are on the side of the lattice.
∆n
leftmost bin
∆n = 0.0075
0.00499
∆n = 0.0100
0.00716
∆n = 0.0125
0.00932
∆n = 0.0150
0.01018

central bin
0.00481
0.00716
0.00931
0.01030

rightmost bin
0.00494
0.00709
0.00924
0.01010

The results presented here are consistent with our observations in the previous section
on the impact of the boundary on the average mode width.

2.2.3

Asymmetry of the localized modes

From the results in the previous section, we learned that the effect of the boundary
is limited to the modes that reside very close to the boundary. The impact of the
boundary is only in changing the exponential decay rate of a mode on the cladding
side of the lattice, and the lattice side of the mode is not affected (on average).
Therefore, the modes are skewed asymmetrically near the boundary.
The third central moment from Eq. 2.3 can be used as a measure of the asymmetry
of the modes, where the zero value for the third moment denotes a symmetric mode.
However, σ3 can be misleading unless it is properly normalized by the mode width.
The more appropriate measure is the skewness from Eq. 2.4, which is a relative metric
that takes into account the impact of mode width.
Fig. 2.4 shows the average values of calculated skewness of the localized modes
across the waveguide for various values of ∆n. For all values of ∆n, calculated skewness is almost zero in the central regions, where the modes are left-right symmetric
on the average. However, it is non-zero near the boundaries, because the tails of the
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modes are nearly truncated at the boundaries due to the lattice-cladding index step.
The truncation is strongest for the case of ∆n = 0.0150, as expected, in Fig. 2.4d.

Figure 2.4: Average skewness of the modes across the disordered lattice are plotted
for (a) ∆n = 0.0075, (b) ∆n = 0.0100, (c) ∆n = 0.0125, and (d) ∆n = 0.0150.

2.2.4

Spatial density of the localized modes

A higher mode density means that, on average, it is more probable to excite a localized mode rather than an extended radiation mode; therefore the initial excitation is
more likely to remain localized inside the lattice and the localized propagating power
is nearly the same as the in-coupling power. Higher mode density is beneficial, for
example for image transport through disordered waveguides, where the image fidelity
is negatively affected if there are not a sufficiently large number of highly localized
modes that can carry the local details of an image [32]. The calculation of the average mode density at each individual bin across the lattice provides an estimate of the
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probability of localization of an initial excitation in that bin, relative to the amount
of power that is coupled to the radiation modes. In this section, We calculate the
average number of localized modes in each bin across the lattice for ∆n = 0.0075,
∆n = 0.0100, ∆n = 0.0125, and ∆n = 0.0150, respectively.
Fig. 2.5 shows the spatial density of modes across the disordered lattice for various values of refractive index difference ∆n. The vertical axis shows the average
number of modes in each bin across the lattice. The results indicate a lower number
of localized modes near the boundaries compared with the bulk regions. This observation is in accordance with the previous studies in Ref. [45]. As a consequence of
lower mode density, on average, it is less probable to excite a localized mode near
the boundaries, and in this limited scope, the boundaries have a de-localizing effect.
Another notable feature is the dependency of the average number of modes on
the index difference ∆n. For disordered waveguides with higher values of refractive index difference ∆n, the average value of mode density is larger in comparison
with those of lower refractive index difference values. This behavior is expected,
because an increase in the index step ∆n increases the effective numerical aperture
of the waveguiding lattice; therefore, the total number of modes increases similar to
conventional waveguides.
To summarize this chapter, we have investigated the impact of the boundaries on
important mode parameters of a one dimensional disordered optical lattice using the
modal technique. Results show smaller average mode widths near the boundaries, but
the effect is merely because of the near-truncation effect of the cladding-waveguide
index step. For any mode that is localized near the boundary of the lattice, the
average decay exponent of the tail on the lattice side is not affected by the boundary
and is the same as the decay exponent of the modes that are localized near the center
of the disordered lattice waveguide.
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Figure 2.5: Average density of the modes across the disordered lattice. Subfigures
(a), (b), (c), and (d) represent the average density of the modes for ∆n = 0.0075,
∆n = 0.0100, ∆n = 0.0125, and ∆n = 0.0150 respectively.

The localized modes become asymmetric near the boundaries, because of the near
truncation of the modes, on the cladding side of their profile, due to the claddingwaveguide index step. Therefore, the boundary does not appear to change the
disorder-side decay exponents. However, we observed that the density of the localized modes is lower near the boundaries, as was previously pointed out in Ref. [45].
Therefore, near the boundary, it is less probable to excite a localized mode in comparison with the central regions and more power is coupled to delocalized radiation
modes. For image transport experiments such as those in Ref. [32], the transported
images can be washed out or pixelated near the boundaries if there are not enough
modes to transport the fine details of the image.
In conclusion, boundary localized modes have the same decay exponent, on the
disordered lattice side, as any other mode that is localized near the center of the
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waveguide. The boundary can only change the decay exponent on the boundary side
due to the trivial cladding-waveguide index step. The only non-trivial impact of the
boundary is that it lowers the density of the localized modes near the boundary; and
only in this limited scope, do the boundaries have a de-localizing effect.
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Chapter 3
Scaling analysis of a quasi-1D
disordered waveguide
It has been previously shown that coherent waves in one-dimensional (1D) and and
two-dimensional (2D) unbounded disordered systems are always localized [17]. For
bounded 1D and 2D systems, if the sample size is considerably larger than the localization radius, the boundary effects are minimal and can often be ignored [36,45].
A disordered waveguide can support both localized and extended modes simultaneously because it is transversely bounded. By the extended, we refer to those modes
which span the transverse dimension(s) of the waveguide whose transverse size also
increases with increasing the transverse dimension(s) of the waveguide. However,
as we shall see later, the occurrence of these modes becomes less probable as the
transverse size of the waveguide becomes larger; and becomes improbable when the
disordered waveguide becomes sufficiently wide to be approximated by an unbounded
disordered system.
Because the refractive index of a disordered waveguide is random, the properties
of the localized and extended modes should be studied using statistical techniques.
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The most relevant physical quantity that characterizes the localization properties of
disordered waveguides is the mode width, which is defined rigorously in Eq. 3.3 and
characterizes the transverse size of a guided mode. Therefore, detailed understanding
of the mode-width statistics is the gateway to uncovering the localization properties.
In this chapter, we report on the probability density function (PDF) of the mode
width as a powerful tool to study Anderson localization in disordered waveguides.
Using the mode-width PDF: we can obtain the average width of the localized modes
which determines the size of the PSF for a disordered imaging fiber; we can obtain the
standard-deviation of the mode-width distribution which determines the uniformity
of the transported image across the tip of the fiber; we can obtain the distribution of
the extended modes which affect the image contrast; and we can study the impact of
the total size of the structure and the cladding index contrast on the localized and
extended modes.
The mode-width PDF contains all the relevant information on the mode-width
statistics of a disordered waveguide ensemble. However, computing the mode-width
PDF is a challenging numerical problem. In order to compute the PDF, a large
number of different waveguide samples are generated in a given ensemble for proper
statistics. The guided modes for each waveguide are calculated and the corresponding
mode-width values are extracted to generate the PDF. Calculating the guided modes
of even a single fiber structure may become highly challenging. For example, the Vnumber of the disordered polymer fiber in Ref. [24] with air cladding is approximately
2,200 at 405 nm wavelength resulting in more than 2.3 million guided modes [24].
Recall that the V-number is given by
V =

πt
λ

q
n2co − n2cl ,

(3.1)

where λ is the optical wavelength, t is the core diameter of the fiber (or the core
width for the case of a 1D slab waveguide), and nco (ncl ) is the effective refractive
index of the core (cladding). The total number of the bound guided modes in a
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step-index optical fiber is ≈ V 2 /2.
Solving for all the guided modes for a given fiber and obtaining proper statistical averages over many fiber samples is a formidable task even for large computer
clusters. However, a mode-width PDF is an absolutely necessary tool if one wants
to obtain proper understanding of the behavior of the localized modes as well as the
extended modes and their interaction with the fiber boundary. In this chapter, we
employ the power of scaling analysis and study the mode-width PDF as a function
of the total size of the waveguide. We show that the PDF converges to a terminal
form as the waveguide dimensions are increased. As such, the mode-width PDF of
a real-sized disordered waveguide may be obtained by simulating a waveguide ensemble of a considerably smaller dimensions. Moreover, we will show that the region
of the PDF corresponding to the Anderson localized modes converges to its terminal form considerably faster than the entire PDF as the size of the structure grows
larger, while the region of the PDF corresponding to the extended modes is rather
generic looking. Therefore, to obtain the most useful information corresponding to
the Anderson-localized region of the PDF, it is often possible to even further reduce
the size of the structures resulting in substantial reduction in computational effort.
In certain systems, this may actually turn the computational problem from nearly
impossible to one that can be handled by moderate sized computer clusters.
The focus of this chapter is to establish a framework for a comprehensive analysis
of the mode-width statistics for transverse Anderson localization in optical fibers in
the future. A mode-width distribution that is more strongly peaked at narrower
mode-width values is favored because it can result in a smaller PSF for imaging
applications. Moreover, a narrower distribution of the mode-widths indicates PSF
uniformity across the fiber. In order to lay the groundwork for understanding the
scaling behavior of the statistical distribution for both the localized and extended
modes in a 2D Anderson localizing optical fiber, we have decided to present a com-
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prehensive characterization of a 1D Anderson localized optical waveguide in this
chapter. This exercise is quite illuminating as it sheds light on the scaling behavior
of the statistical distribution of the mode widths and shows the extent of information
that can be extracted from such an exercise. The detailed analysis of a 2D disordered
fiber structure will be presented in the next chapter.
Here, we have chosen to calculate the transverse electric (TE) guided modes of the
disordered waveguide using finite element method (FEM) presented in Refs. [51–53].
Similar observations can be drawn for transverse magnetic (TM) guided modes, but
we limit our analysis to TE in this chapter for simplicity. The appropriate partial
differential equation that will be solved in this chapter is the paraxial approximation
to the Helmholtz equation for electromagnetic wave propagation in dielectrics
∇2T A(xT ) + n2 (xT )k02 A(xT ) = β 2 A(xT )

(3.2)

where A(xT ) is the transverse profile of the (TE) electric field E(xT , z, t) = A(xT ) exp(iβz−
iω0 t), β is the propagation constant, n(xT ) is the (random) refractive index of the
waveguide, xT is the one (two) transverse dimension(s) in 1D (2D), ω0 = ck0 , and
k0 = 2π/λ where c is the speed of light in vacuum. Equation 3.2 is an eigenvalue
problem in β 2 and guided modes are those solutions (eigenfunctions) with β 2 > n2cl k02 .
For each guided mode, the mode width is defined as the standard deviation σ of the
(1D) normalized intensity distribution I(x) ∝ |A(x)|2 of the mode according to
Z

+∞
2

1/2

(x − x̄) I(x) dx

σ=

,

(3.3)

−∞

where the mode center is defined as
Z +∞
x̄ =
x I(x) dx.

(3.4)

−∞

x is the spatial coordinate across the width of the waveguide and the mode intensity
R +∞
profile is normalized such that −∞ I(x)dx = 1. σ is a measure of width of the modes
i.e. a larger σ signifies a wider mode intensity profile distribution.
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3.1

1D disordered lattice index profile

A 1D ordered optical lattice can be realized by periodically stacking dielectric layers
with different refractive indexes on top of each other. Fig. 3.1(a) shows the refractive
index profile of a periodic 1D optical waveguide where n0 , n1 , and nc correspond to
the lower index layers, higher index layers, and cladding, respectively. In order to
make a disordered waveguide, randomness can be introduced in different ways in
the geometry or refractive index profile of a waveguide structure. For example, in
Refs. [36, 50] the thickness of the layers is randomized around an average value. In
this chapter, we adopt a different randomization method: we keep the thickness of
all dielectric layers identical but assign a refractive index value of n0 or n1 to each
layer with a 50% probability. This is the same as the method prescribed by De
Raedt, et al. [20] in randomizing a disordered 2D waveguide which was also adopted
by Karbasi, et al. [24] to fabricate an Anderson localizing fiber. As we explained in
the Introduction, our intention is to extend our current analysis to 2D disordered
Anderson localizing fibers in the future and we would like to stay as close as possible
to the practical disordered 2D structure for proper comparison.

Figure 3.1: Sample refractive index profiles of (a) ordered and (b) disordered slab
waveguides are shown.

Fig. 3.1(b) shows the refractive index profile of a disordered 1D optical waveguide.
In Fig. 3.2(a), we plot two guided modes of a 1D periodic waveguide with the highest
propagation constant, where we have assumed that n0 = 1.49, n1 = 1.50, and nc =
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1.49. These two modes belong to a large group of standard extended Bloch periodic
guided modes supported by the ordered optical waveguide, which are modulated
by the overall mode profile of the 1D waveguide [50]. The total number of guided
modes depends on the total thickness and the refractive index values of the slabs and
cladding. The key point is that each mode of the periodic structure extends over the
entire width of the waveguide structure. A similar exercise can be done with a 1D
disordered waveguide, where two arbitrarily selected modes are plotted in Fig. 3.2(b)
using the same refractive index parameters as that of the periodic waveguide. It is
clear that the modes become localized in the disordered 1D waveguide. While there
are variations in the shape and width of the modes, the mode profiles shown in
Fig. 3.2(b) are typical.

Figure 3.2: Typical mode profiles for (a) an ordered slab waveguide where each mode
extends over the entire waveguide, and (b) a disordered slab waveguide, where the
modes are localized.

It is important to note that the disordered core of the lattice is sandwiched between a cladding with a refractive index of nc that can also be adjusted to resemble
experimental situations where a waveguide is surrounded by air or a dielectric with a
refractive index higher than air or even n0 (but always less than n1 to ensure waveguiding). As we will see later, the value of nc influences the mode-width distribution
of the extended modes in a 1D Anderson localized waveguide and should be carefully
studied in practical implementations of such structures, e.g. for image transport [32].
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3.2

Analysis of the mode-width PDF

In the absence of localization, guided modes are Bloch periodic and extend over the
entire width of a waveguide as shown in Fig. 3.2(a). In this case, the confinement
is merely due to the total internal reflection at the effective index step between
the waveguide and the cladding. In Fig. 3.3, we plot the mode-width PDF for the
periodic waveguide with N slabs, for N = 20, 40, 60, 80, and 100. The width of
each slab is equal to the wavelength d = λ, nc = n0 = 1.49, and n1 = 1.50 so
the index step ∆ncore = 0.01 where ∆ncore = n1 − n0 . The horizontal axis is in
units of λ and the vertical axis is in units of 1/λ such that the PDF integrates to
one (unit area under the PDF curve). The width of the cladding is assumed to
be 25λ on each side of the waveguide. The guided modes decay exponentially (in
the transverse direction) in the cladding. We have verified that the 25λ cladding is
sufficiently wide so that the exponential decay in the cladding combined with the
Dirichlet boundary condition of vanishing mode profile imposed at the outer edge of
each cladding properly approximate an infinite cladding. Figure 3.3 shows that for
the periodic slab waveguide, the mode widths are determined by the width of the
waveguide as can be seen clearly in Fig. 3.2(a). Therefore, the mode widths, on the
average, scale linearly with the size of the waveguide structure and the peak of the
PDF shifts to larger values of mode width as the waveguide becomes wider.
For a disordered waveguide, the scaling behavior of the PDF with the size of
the waveguide is completely different from that of the periodic waveguide shown
in Fig. 3.3. When Anderson localization comes into play due to the disorder in the
structure of waveguide, most guided modes become transversely localized as shown in
Fig. 3.2(b), while a few extended guided modes may still be supported depending on
the waveguide configuration. As the number of slabs is increased, the PDF saturates
to a terminal form. In Fig. 3.4, we show the PDF for an ensemble of disordered
waveguides with N slabs defined by nc = n0 = 1.49, and n1 = 1.50 (∆ncore = 0.01),
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Figure 3.3: Mode-width PDF of an ordered waveguide defined as ∆ncore = 0.01 and
∆nclad = 0, for N = 20, 40, 60, 80, and 100 slabs. Mode width increases as the
number of slabs increases, so the average mode width scales proportional to the size
of the structure.

where the width of each slab is equal to the wavelength d = λ. The PDFs are
plotted for N = 20, 40, 60, 80, and 100. The PDF shows two localized peaks at
width values less than 4λ with a long tail signifying the extended modes. The shape
of the PDF changes with the number of slabs; however, it remains nearly unchanged
beyond Nsat ≈ 60. The near saturation of the PDF beyond a critical number of
slabs Nsat is of utmost importance for two reasons: 1) Nsat can be viewed as the
effective transverse scale (waveguide width) beyond which the average localization
dynamic is no longer dictated by the boundary; and 2) if we need to calculate the
PDF for a wide disordered waveguide, it is sufficient to simulate a waveguide with
only Nsat slabs because it gives the same PDF; therefore, the computational effort
can be significantly reduced. In order to see the saturation behavior of the PDF
more clearly, the inset shows a magnified version of the PDFs, which is zoomed in
at smaller mode width values. The transition to the terminal form of the PDF is
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Figure 3.4: Mode-width PDF of a disordered waveguide defined by ∆ncore = 0.01,
∆nclad = 0, for N = 20, 40, 60, 80, and 100 slabs. The inset is the magnified version
of the localized peaks of the PDFs . Saturation of the PDF beyond Nsat ≈ 60 is clear
in this figure.

clearly observed in the Anderson localized region of the PDFs where mode width is
approximately less than ≈ 5λ.

3.2.1

Impact of the index difference in the disordered waveguide

The results shown in Fig. 3.4 are for the waveguide index difference of ∆ncore = 0.01
(n0 = 1.49 and n1 = 1.50). If the index difference is increased, the stronger transverse
scattering should result in stronger transverse localization and smaller localized mode
width values. This can be seen by plotting the PDF for the higher index difference
of ∆ncore = 0.02 (n0 = 1.48 and n1 = 1.50) in Fig. 3.5 and its magnified inset.
The small mode width peak of the PDF relating to the Anderson localized modes
in Fig. 3.5 has shifted to lower mode width values compared with Fig. 3.4 because
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Figure 3.5: ∆ncore = 0.02 is increased in comparison to Fig. 3.4; The small-modewidth peak of the PDF shifts towards smaller mode width values indicating a stronger
localization for a larger index contrast in the disordered waveguide. A magnified
version is shown as an inset. Nsat ≈ 40 is smaller for a stronger transverse scattering.

of the larger ∆n and stronger transverse scattering. Also, the convergence of the
PDF happens with a smaller number of slabs, i.e., Nsat is smaller when ∆n is larger.
Otherwise, the qualitative behavior of the PDFs are similar in the sense that the
both waveguides support localized and extended modes simultaneously.

3.2.2

Impact of the boundary index difference

In the previous figures (Figs. 3.4, 3.5), the refractive index of the cladding nc is
assumed to be the same as the refractive index n0 of the lower index layers. For
the practical 2D disordered optical fiber of Ref. [25], the cladding of the structure is
air with a refractive index of nc = 1, which is considerably smaller than the lower
index n0 = 1.49 of the fiber. The cladding index of the fiber can be controlled by
an additional cladding layer or an index matching gel. As such, understanding the
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impact of the refractive index of the boundary on the guided mode structure of the
disordered waveguide is of practical importance. A lower cladding index increases
the effective V-number of the whole disordered waveguide, resulting in an increase
in the total number of modes. In this section, we will investigate the impact of the
cladding refractive index on the distribution of the localized and extended modes,
as well as on the scaling and eventual convergence of the mode-width PDF with the
transverse size of the waveguide. Moreover, we will show that the impact of a change
in the cladding index is primarily on the extended modes, while the localized modes
are hardly affected by changes in the cladding index step.

Figure 3.6: Mode-width PDF of a disordered waveguide defined as ∆ncore = 0.01,
∆nclad = 0.01, and N = 40, 80, 120, 160, 200 slabs. A lower cladding index significantly changes the distribution of the extended modes and PDF saturates at a much
larger value of N (Nsat ≈ 160). The inset represents a magnified version. A smaller
cladding index only affects the extended mode width distribution, while the localized
modes remain nearly unaffected.

In Fig. 3.6, we consider a disordered waveguide with ∆ncore = 0.01 (n0 = 1.49 and
n1 = 1.50) and ∆nclad = 0.01 where ∆nclad = n0 − nc . This waveguide is identical in
structure to that of Fig. 3.4 except for ∆nclad . The main difference between Fig. 3.6
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and Fig. 3.4 is in the distribution of the extended modes. The presence of a larger
cladding index difference in Fig. 3.6 results in a greater number of extended modes
which appears as a large bump in the PDF for N = 40 slabs and smooths down when
the PDF saturates to the terminal shape for large N . Another important difference
between Fig. 3.6 and Fig. 3.4 is that the convergence of the PDF in Fig. 3.6 (larger
∆nclad ) happens at a larger value of N. The inset in Fig. 3.6 (∆nclad = 0.01) shows the
same PDF magnified over the region of small mode width near the localized modes
and should be compared with the inset in Fig. 3.4 (∆nclad = 0). While the two
figures are visually similar, the localized peak of Fig. 3.4 is observed to be clearly
higher when comparing the vertical scales of the PDF plots. This is due to the
fact that the total area under PDF is normalized to unity and the larger number
of extended modes in Fig. 3.6 results in a reduction in the overall amplitude of the
PDF over the entire domain. As such, the PDF in its present form cannot provide
a fair comparison between the localized mode structure of Fig. 3.6 and Fig. 3.4. We
will get back to this important point later in this section.
In Fig. 3.7 and Fig. 3.8 we investigate the effect of further lowering nc to have
∆nclad = 0.02 and ∆nclad = 0.04, respectively. The insets are the magnified versions
as before over the region of small mode width near the localized modes. We observe
a trend similar to the comparison that we conducted above between Fig. 3.6 and
Fig. 3.4. Therefore, we conclude that increasing ∆nclad results in an increase in the
number of extended modes, emphasizing that we have yet to show in this section that
the localized modes are not affected by the change in the cladding index. Moreover,
an increase in the cladding index difference results in a delayed convergence of the
PDF to its terminal form resulting in a larger value of Nsat . In fact, it can be seen
that Nsat ≈ 200 for Fig. 3.7 and Nsat  200 for Fig. 3.8.
Our discussion will not be complete without discussing the reverse effect of raising
nc above n0 , hence a negative value of ∆nclad = −0.005. Of course, we assume that
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Figure 3.7: The same as Fig. 3.6 except ∆nclad = 0.02. The PDF saturates to its
terminal shape at a larger number of slabs (Nsat ≈ 200). The inset is a magnified
version.

nc < n1 ; otherwise, no guiding mode would exist. Figure 3.9 (∆nclad = −0.005) can
best be compared with Fig. 3.4 with ∆nclad = 0. It is clear that raising nc above
n0 (negative ∆nclad ) removes a considerable number of extended modes from the
system. Recall that the PDF in Fig. 3.4 showed two distinct peaks in the region near
the localized modes and raising nc above n0 appears to remove the second localized
peak (with a larger mode width). Therefore, we conclude that a negative ∆nclad
not only removes many of the extended modes, it also removes those more weakly
localized modes associated with the second peak in Fig. 3.4.
Previously in this Section, we mentioned that it is hard to judge the impact of
the cladding refractive index on the width distribution of the localized modes by
comparing the PDFs from two different waveguides. The reason is that the total
area under PDF is normalized to unity and different waveguide parameters result in
different number of modes. As such, we need to come up with a method to clearly
differentiate between the impact of the cladding index on the extended modes versus
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Figure 3.8: The same as Fig. 3.6 except ∆nclad = 0.04. Further decreasing the
cladding index delays the saturation of the PDF to larger values of N (Nsat  200).
The inset is a magnified version.

localized modes across different lattice parameters. In order to do this, it is best to
use the normalized PDF which is the PDF multiplied by a constant factor such that
total area under the normalized PDF curve equals the average number of modes in
each class of random waveguide.
In Fig. 3.10, we plot the normalized PDF for disordered waveguides with ∆ncore =
0.01 (n0 = 1.49 and n1 = 1.50), d = λ, and N = 200 slabs. Different curves in
Fig. 3.10 correspond to different values of ∆nclad ranging from -0.005 to 0.04. The
curves belonging to the largest three values of ∆nclad are not fully saturated to the
terminal PDF because N = 200 is smaller than Nsat in these cases, hence resulting
in a bump in the extend mode region. The inset shows the magnified version of
the same figure in the region of the localized modes. Figure 3.10 clearly shows that
increasing the cladding index step merely introduces new extended modes and the
localized modes are hardly affected. We re-emphasize the utility of the normalized
PDF in revealing this important behavior. The case of ∆nclad = −0.005 is quite
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Figure 3.9: The same as Fig. 3.4 except ∆nclad = −0.005. A cladding index larger
than n0 not only reduces the probability density of the extended modes, but also
diminishes the second peak of the localized regime. The inset represents a magnified
version.

interesting, as it can be seen that raising nc above n0 strongly decouples extended
modes and trims the large-mode-width edge of the localized mode region of the
PDF. Therefore, if having more localized modes versus extended modes is a desired
outcome of a design, a small or even negative ∆nclad is preferable.

3.2.3

Impact of the unit slab thickness

In the previous sections, we learned much about the behavior of the mode-width
PDF for various refractive index configurations in the core and cladding. In all previous simulations, we assumed that the width of each slab is equal to the wavelength
d = λ. However, the mode-width PDF depends on the value of d as well. Understanding the behavior of the mode-width PDF as a function of d is quite important
because d is a parameter that can be used to optimize the disordered lattice given an
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Figure 3.10: Normalized PDF for disordered waveguides defined by ∆ncore = 0.01,
N = 200, and ∆nclad = -0.005, 0.01, 0.02, 0.03, and 0.04. The magnified inset clearly
shows that the statistics of the localized modes is independent of the cladding index
unless for a negative ∆nclad .

objective function. For example, our objective can be to obtain the smallest possible
mean value of the mode width calculated using the PDF, where d in addition to the
refractive indexes can be used as an optimization parameter. In Figs. 3.11 and 3.12
we plot the normalized PDFs for disordered lattices defined by nc = n0 = 1.49, and
n1 = 1.50. The value of the unit slab thickness is different in each case, taking the
values ranging over d = 0.5λ − 2.5λ, while keeping the total waveguide width equal
to 200λ. Therefore, the case with d = 0.5λ corresponds to N = 400, while the case
with d = 2λ corresponds to N = 100. As we discussed before, the normalized PDF
integrates to the total number of modes, which varies from an average of 49 modes
for the case of d = 0.5λ to an average of 39 modes for the case of d = 2.5λ. In
Fig. 3.11, it is clear that d = 0.5λ corresponds to a normalized mode-width PDF
with a long tail in the extended mode region. When d is increased to d = λ and
further to d = 1.5λ, the extended tail is gradually lowered contributing more to the
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localized region. It seems as if that the extended modes trade off their role with the
localized modes of the second PDF hump. Another important observation is that
the localized peak shifts slightly towards the smaller mode width values as the unit
slab thickness increases.

Figure 3.11: Normalized mode-width PDF of disordered waveguides defined by
∆ncore = 0.01, ∆nclad = 0, N = 200, and unit slab thickness of d = 0.5, 1.0, and
1.5λ. Overall, the waveguides show stronger localization for a thicker unit slab.

In Fig. 3.12, the normalized PDFs for disordered lattices with d = 2λ and d = 2.5λ
are shown. The normalized PDF in these figures exhibit sharp peaks, which are
markedly different from the PDFs we have observed in previous figures. Below, we
will argue that these sharp peaks are mainly due to step-index waveguiding behavior
of individual discrete waveguides accidentally formed in the random structure. In
order to understand this, consider the case of d = 2λ, where discrete local waveguides
of widths t = 2λ, t = 4λ, t = 6λ, etc appear, respectively, with decreasing probability.
The V-number of the slab waveguide from Eq. 3.1 (nco = n1 and ncl = n0 ) is equal
to 1.09 for t = 2λ and is proportionally larger for t = 4λ, t = 6λ, etc. We recall that
the single-mode cut-off condition for the TE modes of a slab waveguide is V = π/2.
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Figure 3.12: The same as Fig. 3.11, except that the thickness of the unit slabs in the
structure of the disordered waveguides is larger. The formation of local waveguides
leads to sharp discrete peaks in the normalized PDF.

Therefore, t = 2λ is near cut-off and t = 4λ or larger are multimode. The large
V-number in these waveguides results in highly confined modes that cannot interact
with the modes of the neighboring waveguides to allow for randomized interaction
to form Anderson localized modes. Therefore, in addition to the extended modes
and the Anderson localized modes that stem from the more-loosely-bound modes,
we encounter the regular step-index waveguiding modes in the form of sharp discrete
peaks. The peaks are centered at mode-width values of the corresponding waveguides
of discrete thickness values of t = 2λ, t = 4λ, t = 6λ, etc. The decreasing values of
the discrete peaks in the PDF are indicative of the decreasing probability of having
local waveguides with t = 2λ, t = 4λ, t = 6λ, etc, respectively. This situation is
even more prominent in the case of d = 2.5λ, where discrete local waveguides have
widths of t = 2.5λ, t = 5λ, t = 7.5λ, etc.
Our argument in the previous paragraph was based on the value of the V-number
created in the locally formed waveguides. Therefore, if the refractive index contrast
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∆ncore is increased, we should observe a similar behavior, where narrow peaks related to regular step-index waveguiding modes should appear alongside with the
extended modes and the Anderson localized modes. The discrete peaks in the PDF
observed in Fig. 3.5 are in fact of this nature. In order to see this more clearly, in
Fig. 3.13 we study the impact of increasing the value of the waveguide index difference ∆ncore by comparing the mode-width PDFs for ∆ncore = 0.01, ∆ncore = 0.03,
and ∆ncore = 0.05, all for d = λ. Sharp peaks clearly appear when the refractive
index contrast is increased.

Figure 3.13: The unit slab thickness is fixed at d = λ but ∆ncore = 0.01, 0.03, and
0.05. As ∆ncore increases, more local waveguides form in the structure and the PDF
becomes more discrete.

The results presented in this section so far give a thorough overview on the
statistical behavior of Anderson localized modes, extended modes, and regular stepindex waveguiding modes, all of which can be present in a disordered waveguide at
the same time.
We conclude this section by visualizing the interplay between the impact of the
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Figure 3.14: Propagation of a Gaussian beam (ω = 3λ) along a disordered waveguide
defined by ∆ncore = 0.01, ∆nclad = 0, and N = 200. The beam eventually localizes
to a relatively stable width after an initial expansion.

localized and extended modes in a disordered waveguide. In Fig. 3.14, we numerically
simulate the propagation of light in a disordered waveguide and plot the intensity
distribution of the guided beam as it propagates along the waveguide. The disordered
waveguide is defined with N = 200 slabs, where each slab’s thickness is d = λ, and
the refractive indexes are given by n1 = 1.5 and n0 = 1.49. The cladding index in
Fig. 3.14 is nc = 1.49, so ∆nclad = 0, while the cladding index in Fig. 3.15 is nc =
1.45 resulting in ∆nclad = 0.04. Based on the results of the previous section and the
discussion on the normalized mode-width PDF, we expect to have nearly identical
distribution of localized modes. However, the larger value of ∆nclad in Fig. 3.15
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Figure 3.15: The refractive index profile of the disordered waveguide is exactly the
same as Fig. 3.14, except ∆nclad = 0.04. Formation of the extended modes generates
a background noise.

results in a larger number of extended modes.
In Figs. 3.14 and 3.15, the injected beam is a Gaussian characterized by the
electric field distribution of the form E(x) ∝ exp(−x2 /ω 2 ) with ω = 3λ at the
entrance, where x is the coordinate across of the waveguide. The center of the
Gaussian beam is assumed to be in the middle of the disordered lattice. In the single
realization of the disordered waveguide shown in Fig. 3.14 with very few extended
modes, there is virtually no background noise and the initial excitation is clearly
Anderson localized after a short propagation distance. However, in the presence of
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a large number of extended modes in Fig. 3.15, a background noise due to extended
modes is evident throughout the propagation, while the Anderson localized modes
still play a prominent role in the center that is similar to the one observed in Fig. 3.14.

3.3

Discussion

There is a vast literature over the past five decades on Anderson localization, especially in 1D, which is the main focus of this chapter. In this section, we will establish
a connection between the key aspects of the work presented here and the existing literature. In particular, scaling properties of electron transport and conductance have
received considerable attention over the years. There is a one-to-one relationship
between the Schrödinger equation for electron in a disordered potential V (x)
−

−h̄2 ∂ 2
A(x) + V (x)A(x) = EA(x),
2m ∂x2

(3.5)

and the paraxial Helmholtz equation 3.2 for optical wave propagation–along the zdirection–in a longitudinally (z-direction) invariant and transversally (x-direction)
disordered waveguide. The analogy can be established by making the following
identifications:

h̄2 k02  2
ncl − n2 (x) ,
2m

h̄2 k02  2
2
E=
ncl − neff ,
2m

(3.6a)

V (x) =

(3.6b)

where neff = β/k0 . Our study in this chapter has focused on guided waves with
neff > ncl , which is equivalent to the problem of electronic bound-states with E < 0
in Eq. 3.5 (in the outer left and right boundaries we have V (x ∈ boundary) = 0).
In Ref. [50], we established a relationship between the mode-width of the localized
states and the localization length. Briefly, for an exponentially localized state of
the form A(x) ∼ exp(−|x|/Lc ), the mode-width (σ defined by Eq. 3.3) is given by
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σ=

√

2Lc . The localization length L̄c , is defined through logarithmic averaging of

the localized beam profile intensity (modulus-squared) [59].
Scaling theories of localization have been discussed in multiple publications especially in late 1970s and early 1980s [17,60–67]. These and similar work have primarily
focused on the scaling properties of conductivity. There are similarities between the
scaling analyses of these papers and our work especially at the formal level of the
governing differential equations 3.2 and 3.5. However, there are subtle and important
differences which arise primarily due the physical nature of the problem here which
only deals with the transversely localized guided optical modes propagating in the
longitudinal direction. The differences are mathematically manifested in the different boundary conditions used in these problems. For example, consider the work of
Pichard [66] that studies the 1D scaling of the Anderson model and resembles our
work because of the 1D nature of both problems and the underlying Eqs. 3.5 and 3.6.
Pichard studies the scaling behavior of the eigenvalue λN of the unimodular matrix
τN† τN with the length of a disordered chain N , where τN is the 2×2 transfer matrix of
the 1D disordered system. For the analysis, Pichard emphasizes that the boundary
condition is that of electronic waves of the Fermi surface with a real wave-vector.
Therefore, Pichard studies the scattering problem using Eq. 3.5 with E > 0 (for
V (x ∈ boundary) = 0) and explores the scaling behavior of λN where both λN and
resistance depend on the value of E. In this chapter, we formally study the same
differential equation 3.5 as that of Pichard, with the minor difference that Ref. [66]
only considers diagonal disorder and our disorder is mixed due to the practical nature of the studied problem. However, the main difference arises in the boundary
condition, where we treat Eq. 3.5 as an eigenvalue problem and only study boundstates with E < 0, hence exponentially decaying tails of the eigenstates because
V (x ∈ boundary) = 0 (or equivalently an imaginary wave-vector in the boundary).
Moreover, we focus our studies on the mode-widths of these eigenstates which are
√
roughly related to their near exponential decay (on each side) through σ = 2Lc
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that was derived above (and there is no E dependence because E here is an eigenvalue which we solve for). Therefore, unlike Ref. [66] that analyses the eigenvalues
of the modulus squared of the transmission matrix, our focus is on the eigenstates
of Eq. 3.5 with E < 0 (bound-states). For each disordered waveguide, we obtain the
mode-widths for a large number of bound-states. As expected, there is a (somewhat
non-trivial) relationship between the decay exponent Lc (and localization properties)
of an eigenstate and the corresponding eigenvalue, which is discussed in Refs. [21,28].
Similarly, the PDF has been studied extensively in the past (see Refs. [68,69] and references therein), again in the context of the localization length determined through
the scattering problem discussed above. Our analysis is focused on the PDF of the
eigenvalue problem and the emphasis has been placed on the statistics and scaling
of the PDF of the mode-width directly calculated from the eigenstates, which is the
relevant quantity for the experiments presented on disordered optical fibers in references such as Ref. [24] and Ref. [32]. We would also like to acknowledge an interesting
body of work on the scaling properties of the scattering problems in optical systems,
e.g. in Ref. [70] which resemble more the work of electron transport [68, 69, 71] than
the bound-state problem studied here.
To summarize this chapter, we have introduced the mode-width PDF as a powerful tool to study the transverse Anderson localization properties of guided modes
of a disordered one dimensional optical waveguide. The mode-width PDF has been
used for detailed statistical analysis of the impact of various structural and optical
parameters of the disordered waveguide. A disordered waveguide supports both Anderson localized modes as well as extended modes. The mode-width PDF sheds light
into the distribution of these modes and provides a powerful framework to manipulate such distributions, for example to quench the number of extended modes while
minimally affecting the localized ones. An important observation in this chapter is
the convergence of the mode-width PDF to a terminal configuration as a function
of the transverse dimension of the disordered waveguide. This has been shown by
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performing a scaling analysis of the mode-width PDF and can be quite helpful in
turning a formidable computational problem from nearly impossible to a tractable
one. The results presented in the chapter are intended to establish the framework for
a comprehensive analysis of the mode-width statistics for 2D transverse Anderson
localization in optical fibers in the future.
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Scaling analysis of TALOF
Numerical study of TAL has been traditionally based on a BPM analysis [20, 29]
which as was explained in the previous chapter is numerically intensive and dependent
on the initial excitation. In addition, BPM can result in misleading conclusions
because of ignoring the vectorial nature of light and Anderson localization [72, 73].
In this chapter, we focus our attention on obtaining the mode-area-PDFs (MA-PDF)
for the TALOF of the form presented in Refs. [20, 24] for two reasons: first, it is a
problem of practical importance especially for imaging applications as discussed in
Ref. [32]; and second, it will be more straightforward to convey these general ideas
in the context of a simple example. However, we emphasize that the results obtained
in this works on MA-PDF and its scaling and saturation behavior are quite broad
and can be applied to the study of various TAL disordered systems.

4.1

Numerical methodology

In order to calculate the MA-PDF, we need to solve for the guided modes of TALOF.
Full vectorial Maxwell equations for electromagnetic wave propagation in a z-invariant
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optical fiber are used to calculate the fiber modes [74]. For each guided mode, the
mode area Aeff is defined as the standard deviation of the normalized intensity distribution I(x, y) of the mode according to
ZZ
Aeff = C

dx dy [(x − x̄)2 + (y − ȳ)2 ] I(x, y),

(4.1)

where x, y are the transverse coordinates across the facet of the fiber and (x̄, ȳ) are
the mode center coordinates
ZZ
(x̄, ȳ) =

dx dy rT I(x, y), rT = (x, y).

The mode intensity profile is normalized such that

(4.2)
RR +∞
−∞

I(x, y)dxdy = 1 and the

constant C = 6 is chosen such that Aeff = D2 for the uniform intensity distribution
over a square waveguide of side D.
Figure 4.1a shows a typical disordered refractive index profile used in the simulations and Fig. 4.1b shows the mode intensity profile for one of the computed localized
modes. The cross-section of the disordered fiber is chosen to be square-shaped to
resemble the geometry of TALOF in Refs. [20, 24, 32]. The computed mode is transversely localized due to the strong disorder in the transverse dimensions. On the
other hand, in the absence of disorder, a guided mode covers nearly the entire crosssection of the fiber: Figs. 4.1c and d, show a periodic refractive index profile, and a
typical mode intensity profile. In the rest of the chapter, we will explore MA-PDF
curves for TALOFs. For each MA-PDF curve, we have calculated all the guided
modes (typically tens of thousands of modes) for at least ten individual realizations
of the specific disordered configuration under study in order to take into account the
statistical nature of the disordered fiber. We should emphasize that for a devicelevel application of TALOF, a strong disorder is desirable to ensure self-averaging
and therefore, reliable performance of a single disordered device realization [24, 32].
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Figure 4.1: Sample refractive index profiles of (a) disordered and (c) ordered optical
fiber with an arbitrarily selected square cross section. (b), and (d) represent the
typical calculated modes for the index profiles in (a), and (c), respectively. For a
disordered optical fiber modes are transversely localized as opposed to the ordered
fiber where the mode covers the entire cross section of the fiber.

4.2

Scaling of the mode-area PDF

In the absence of disorder, guided modes of a conventional optical fiber are extended over the entire transverse dimensions of the fiber, an example of which is
shown in Fig. 4.1(d); total internal reflection caused by the index step formed at
the interface between the fiber core and cladding is responsible for the overall transverse wave confinement as it propagates freely in the third longitudinal direction.
Therefore, the average transverse size of the guided modes scales proportionally to
the cross-sectional area of the fiber. Figure 4.2 shows the MA-PDF of transversely
periodic fibers with N × N unit cells in the core. In our notation, unless otherwise
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Figure 4.2: Mode-area PDF of a transversely periodic fiber formed by N ×N number
of unit cells for N = 20, 30, 40, 50, and 60 where the unit cell is a square of 2λ side
length. The average mode area of the transversely periodic fiber is solely determined
by the transverse size of the fiber.

specified, each unit cell is a square with a side width of d = 2λ, so the area of each
unit cell is a = 4λ2 . Therefore, the fiber core width of D = 40, 60, 80, 100, and
120λ in Fig. 4.2 correspond to N = 20, 30, 40, 50, and 60 unit cells in each direction.
n1 = 1.58, and n2 = 1.59 are used in Fig. 4.2 so the index step in the core of the
fiber equals to ∆ncore = n2 − n1 = 0.01. The horizontal axis is in units of λ2 and the
vertical axis is in units of 1/λ2 such that the total area under the PDF integrates
to unity. The thickness of the cladding is t = 5λ around the periodic core of the
fiber and its refractive index nc is chosen to be equal to the lower core index n1 .
Figure 4.2 indicates that for the periodic fibers, the transverse size of the modes is
solely determined by the size of the fiber core. Therefore, the peak of the MA-PDF
shifts towards larger values of mode area as the fiber becomes wider.
For a disordered optical fiber, the scaling characteristics of the MA-PDF with
respect to the transverse dimensions of the fiber are completely different from the
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periodic case. Disorder-induced TAL localizes most of the guided modes across the
transverse structure of the disordered fiber and each mode provides a narrow guiding
channel [75]. Figure 4.3 shows the MA-PDF for a TALOF where all parameters

Figure 4.3: Mode-area PDF of a disordered fiber exactly the same as Fig. 4.2, except
in the fact that refractive index of each unit cell is randomly chosen from the (n1 , n2 )
pair. The MA-PDF clearly represents presence of localized modes at ∼ 150λ2 and a
long tail representative of guided extended modes. Moreover, saturation of the PDF
in the highly localized region beyond Dsat ≈ 100λ is clear in this figure. The inset is
the magnified version of the localized peaks of the PDFs.

involved in the disordered structure are exactly the same as Fig. 4.2, except in the
fact that refractive index of each unit cell is randomly chosen from the (n1 , n2 ) pair
with an equal probability. The MA-PDF shows a localized peak at a value less than
≈ 150λ2 ; therefore, the modes appear to be highly localized. The long tail of the
PDF represents the guided extended modes that cover a large portion of the fiber
cross section.
In Fig. 4.3, the MA-PDF broadens as the number of cells is increased. The
localized mode section below 1000λ2 converges rapidly as a function of D and remains
nearly unchanged beyond Dsat ≈ 100λ. The tail of the distribution also converges
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albeit more slowly where the hump which is an artifact of the boundary gradually
disappears and is replaced by a long decaying tail [37].
Convergence of MA-PDF beyond a critical number of cells indicates that Dsat can
be considered as the effective transverse size of the disordered fiber beyond which
the impact of the boundary on the localization properties is considerably reduced.
Moreover, a disordered fiber with Dsat ≈ 100λ can fully represent the behavior of a
much wider fiber, hence significantly reducing the computational cost of simulating
real-sized fibers. In order to see the saturation behavior of the MA-PDF more clearly,
the inset shows a magnified version of the MA-PDFs, which is zoomed-in around
smaller mode-area values.

4.2.1

Impact of ∆ncore on the disordered fiber

The results shown in Fig. 4.3 are related to a disordered fiber with an index difference
of ∆ncore = 0.01. If ∆ncore is increased, the stronger transverse scattering must
result in a stronger transverse localization and therefore smaller mode area values
in the MA-PDF curve. A stronger transverse scattering is achieved by increasing
the value of the index difference to ∆ncore = 0.1 (n1 = 1.49 and n2 = 1.59). These
values of n1 and n2 are chosen in accordance to the materials used in Ref. [24] and
the result is represented in Fig. 4.4. The peak values of MA-PDF curves occur at
smaller mode area values, indicative of a stronger transverse localization. Moreover,
the peaks are considerably narrower in Fig. 4.4 compared with those in Fig. 4.3,
because a stronger disorder also reduces the variance around the mean as discussed
in Ref. [29], hence resulting in a more uniform imaging PSF. Also, for the larger
value of ∆ncore = 0.1, the convergence of the PDF occurs for considerably smaller
disordered fibers (Dsat ≈ 60λ).
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Figure 4.4: Mode-area PDF of a disordered fiber with exactly the same configuration
as Fig. 4.3 except for ∆ncore = 0.1. Larger refractive index contrast in the disordered
structure makes the PDF much narrower due to a much stronger localization. Inset
is the magnified version of the localized peaks of the PDFs . Saturation of the PDF
beyond Dsat ≈ 60λ is clear in this figure.

4.2.2

Impact of the scatterer unit size on the disordered
fiber

As an example for the utility of the concepts introduced here, we can tackle the
important question of what the optimum value of the transverse scatterer size is
to obtain the smallest imaging PSF. In the previous figures, it was assumed that
the unit cells in the disordered core of the fiber are squares with a side length of
d = 2λ, in accordance to the TALOF reported in Ref. [24]. Conceptually, one can
imagine that if d  λ, the wavelength is much larger than the scatterer size and
the medium appears as homogeneous to the wave. For d  λ, the system will be in
the geometrical optics limit. In either case, one expects a weak localization effect;
therefore, d ∼ λ is desired for maximum localization and the exact optimum value
can be calculated from the relevant MA-PDF.
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Figure 4.5: PDF of disordered fibers with ∆ncore = 0.1, ∆nclad = 0, and d =
λ/2, λ, 2λ, and 3λ. d ∼ λ is desired for maximum localization strength.

In order to find the impact of the cell size, we compute in Fig. 4.5 the MA-PDF
curves in the saturation regime for TALOFs with several different values of cell size:
d = λ/2, λ, 2λ, and 3λ. In all cases, we assume that ∆ncore = 0.1 and the fiber core
width is 60λ. The results seem consistent with the discussion above, where d ∼ λ is
the desired vaue for maximum localization. Of course, the exact choice of the value of
d depends on a target function that must be calculated in a specific imaging scenario.
It is not just the localized modes that matter for imaging applications because the
presence of the extended modes can also reduce the contrast [31]; therefore, the
optimization function must consider both the size of the PSF as well as the contrast
for the specific scenario. Figure 4.5 clearly shows that for a given transverse size, the
MA-PDF in the extended mode region looks different for different values of d.
It is also important to point out that these results are not in contradiction with
those reported in Ref. [73] where no dependence of the observed localization radii is
found on the light wavelength. The results of Ref. [73] are for averages of localization
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radii in the limit of infinite transverse fiber dimensions. How the MA-PDF can be
averaged over the mode area in order to obtain the average localization radius of
Ref. [73] is beyond the scope of the present chapter and will be dealt with in a future
publication.
To summarize this chapter, a detailed statistical analysis based on MA-PDF is
suggested as a powerful tool to study TAL of light, especially in disordered optical
fibers. It is shown that the MA-PDF can be reliably computed form structures
considerably smaller than those used in experiments, hence substantially reducing
the computational cost to study TAL. The information contained in an MA-PDF
can be used to study and optimizes devices that operate based on TAL, e.g. in
endoscopic image transport fibers [32, 76], directional fiber-based random lasers [39],
and for controlled singlemode transmission through complex fibers [75].
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Random lasing in TALOF
Unlike conventional lasers that require a resonator cavity to operate, random lasers
exploit multiple scattering to trap light and provide feedback to the system [77–79].
One of the first observations of random lasing was emissions from a laser dye solution
containing micro-particles [80–82]. Since then, there have been several reports that
attribute random lasing in disordered media either to diffusive extended modes or
Anderson localized modes [78, 83–90]. Anderson localization was first used by Pradhan and Kumar to show increased reflected intensity due to wave confinement in
a mirrorless amplifying 1D structure [91]. Later, enhancement of lasing in random
multilayer stacks and planar waveguides was explained conceptually by Anderson
localization [92, 93]. The nature of lasing modes in disordered media, particularly
the role of Anderson localization in these systems, is still a matter of debate [94–96].
Currently, it is accepted that Anderson localization is not required for coherent random lasing in disordered media [97, 98]. However, Anderson localized lasing modes
can result in a narrower frequency response analogous to closed cavities in regular
lasers [99].
In this chapter, we present a disordered laser system for which Anderson localiza-
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Figure 5.1: Scanning electron microscope (SEM) image of g-TALOF. a) SEM
image of the tip of g-TALOF. The darker sites are the airholes. b) Magnified SEM image
shows the details of the air-holes in a portion of the fiber cross section.

tion plays an integral role in determining its lasing characteristics–strong transverse
wave confinement hosted by a dye-filled glass Anderson localizing optical fiber (gTALOF) reduces spatial overlap of the lasing modes and results in high spectral
stability of the random laser emission. The disordered glass fiber has a randomly
distributed air-hole pattern in transverse dimensions which remains invariant along
the length of the fiber for the typical lengths used in Ref. [33] and here. The air fill
fraction was shown to be higher near the outer boundaries and therefore localization
is stronger near the boundaries in comparison to the central regions of the fiber. For
more details about the disorder structure of g-TALOF please see Fig. 5.1.
The output of a random laser is usually multi-directional which can hinder the
usefulness of such sources (Fig. 5.2a). In one of the first efforts to tackle this problem,
active control of the spatial distribution of the pump beam was proposed to achieve
a highly directional random laser [100]. More recently, Schönhuber et al. [101, 102]
designed a collimated random laser beam by sandwiching an active region between
a bottom metallic layer and a planar waveguide patterned with random air-holes to
extract the light. Our results present an alternative robust design where transversely
Anderson localized (TAL) modes of a dye-filled disordered optical fiber are exploited
to obtain directional random lasing; transverse light confinement due to disorderinduced localized modes combined with free propagation in the longitudinal direction
result in a highly directional random laser output (Fig. 5.2b).
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Figure 5.2: Directional random lasing in a g-TALOF. a) Light from a random
laser is usually multi-directional. b) Schematic of directional random lasing mediated by
a disordered optical fiber.

5.1
5.1.1

Materials and methods
Fabrication of the fiber

g-TALOF used in this work is drawn from satin quartz (Heraeus Quartz), which is
a porous artisan glass. The initial rod is 8 mm in diameter and 850 mm in length
and is drawn at Clemson University on a Heathway draw tower at a temperature
of 1890. The tip of the fiber is imaged using a Hitachi SU-6600 analytical variable
pressure field emission scanning electron microscope (SEM). The diameter of the
fiber is approximately 250 µm and the average air fill-fraction is about 5.5% with
the air-hole diameters varying between about 0.2 µm to 5.5 µm.

5.1.2

Active fiber preparation and measurements

The outer acrylate coating of g-TALOF is removed using a hot air gun. A piece
of g-TALOF with approximately 10 cm length is cleaved by a York PK Technology
fiber cleaver and dipped inside a rhodmaine 640 solution in ethanol or benzyl alcohol
(or a mixture of both) at a concentration of 0.5 mg/ml for about 6 hours. The tip
of the dye-filled g-TALOF is investigated under a microscope to ensure the holes are
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Figure 5.3: Experimental setup. The dye-filled g-TALOF is end-pumped using a
frequency-doubled Nd:YAG laser with a pulse duration of 0.6ns. A microscope objective
(OBJ1) is implemented on an XYZ translation stage to scan the focused pump beam across
g-TALOF input facet. The black and white SEM image shows the details of the tip of gTALOF (the darker sites are the air-holes randomly paced across the transverse structure
of the fiber). Near-field image of the tip of g-TALOF at the output facet is captured by
another objective (OBJ2) and recorded by a CCD beam profiler. The pump (or laser)
is filtered by a notch filter. A beam splitter (BS) is used to direct laser beam towards a
spectrometer or a fast oscilloscope for spectrum and time analysis.

uniformly filled with the dye solution. A 10 mm piece of the dye-filled g-TALOF is
cleaved and mounted on an adjustable fiber clamp to be used in the experiments.
The dye-filled g-TALOF is end-pumped by a frequency doubled Nd:YAG laser with
a pulse duration of 0.6 ns and a repetition rate of 50 Hz, using a 20X microscope
objective (OBJ1 in Fig. 5.3). The repetition rate and pump energy is kept low to
delay the optical bleaching of the dye. The near-field image at the output tip of
active g-TALOF is imaged on a CCD beam profiler by a 40X microscope objective
(OBJ2 in Fig. 5.3).

5.1.3

Numerical simulations

The guided modes of g-TALOF are calculated using COMSOL Multiphysics [74]. The
Floating Network Licensed (FNL) software is installed on a cluster located at the
Center for Advanced Research Computing of the University of New Mexico, meeting
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Figure 5.4: Refractive index profile used in the simulations. a) real part, and b)
imaginary part of the refractive index. The pattern is directly extracted from the
SEM image of g-TALOF.

large memory requirements for the heavy calculations. The geometry of g-TALOF
is imported to COMSOL using the SEM image of the tip of the fiber by rendering
the image into a compatible vector format (DXF) using Inkscape Vector Graphics
Editor software. The refractive index profile of g-TALOF, used in the simulations,
is shown in Fig. 5.4.

5.1.4

Characterization of the spectral stability

In order to characterize the spectral stability of the laser in the Anderson localized
regime, the spectrum is measured in a sequential mode such that 100 data acquisitions are done in 3 seconds (each spectrum is integrated over 30 ms). Such a fast
data acquisition provides the possibility to compare the laser emission spectra under excitations with individual shots of a pump pulse train with 50 Hz repetition
rate. In order to quantify the fluctuations of the laser spectrum under excitations
with individual pump pulses, we use the Normalized Mean Integrated Squared Error
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(NMISE) defined by
N R
P

N M ISE =

i=1

(fi (λ) − f¯(λ))2 dλ
R
,
N × f¯(λ)2 dλ

(5.1)

where f1 (λ), f2 (λ), , fN (λ) are the data collected for the laser spectrum at N successive identical pump pulses, and f¯(λ) is the average of them. NMISE ranges between
0 and 100%, where 0% is proportional to a series of completely identical spectra and
100% is related to a series of completely distinct spectra.

5.2
5.2.1

Results and discussion
Transversely localized lasing

The pump and laser beam profiles at the output facet of g-TALOF are shown in
Fig. 5.5. The pump beam at the input facet is coupled near the edge of g-TALOF.
The residual pump in the output remains clamped in the same transverse location,
consistent with Anderson localization of g-TALOF presented in Ref. [33]. The laser
beam profile, shown in Fig. 5.5b, is also localized at the same transverse position.
Note that in these results, the dye (benzyl solution) has a higher refractive index than
the host glass; therefore, step-index guiding is playing a role for individual dye filled
air-holes of g-TALOF. The stimulated emission is enhanced in these regions due to a
stronger interaction of laser beam and gain; therefore, step-index guiding manifests
itself in the form of strong discrete peaks in the laser beam profile in Fig. 5.5b.
Nevertheless, TAL is present at least in the form of a localized pump beam. Because
the hallmarks of both TAL and step-index guiding are simultaneously present in
these results, this regime of laser operation is referred to as the mixed regime. In the
following, results that are solely due to TAL are presented for which the step-index
guiding is completely absent and the spatial behavior of the laser beam is entirely
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dictated by Anderson localization.

Figure 5.5: TAL of pump and laser in the mixed regime. Anderson localization of
the: a) pump beam near the edge, and b) laser beam associated with the pump condition in
part (a). Narrow peaks in the laser beam profile is due to enhancement of lasing mediated
by step-index guiding inside the individual holes of the active g-TALOF.

In pursuance of evading step-index guiding, the air-holes are filled with rhodmaine
640 solution in ethanol. The refractive index of ethanol (1.37) is smaller than that
of the host glass (1.46); therefore, individual air holes filled with the solution do
not form local waveguides in the active medium. Figure 5.6 shows the transverse
localization of the pump and laser near the edge of g-TALOF filled with this solution.
This behavior is fully dictated by the TAL of the pump and laser: in the absence of
TAL, the focused pump beam coupled near the edge of g-TALOF would have quickly
diffracted and covered the entire cross section of g-TALOF, given that the Rayleigh
range ZR for the focused pump is on the order of ZR ∼ 200 µm. Figure 5.5a shows
that TAL clearly dominates diffraction mediated by the strong transverse disorder in
g-TALOF and confines the pump beam around its incoming transverse position as it
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freely propagates along the fiber. Notice that, based on Ref. [33], the effective beam
radius of the pump expands as the beam propagates along the fiber until it reaches
its final localized value, after which it does not change substantially. Numerically it
was shown that the stabilized effective beam radius is reached after about 30 mm of
propagation in g-TALOF.
The active g-TALOF used here is 10 mm long and the scattering strength is also
reduced due to the dye filling, effectively leading to a longer stabilization distance.
Therefore, the effective beam radius of the residual pump at the output facet of
g-TALOF is not fully stabilized. Nevertheless, it is quite close to the stabilized
value [33]. The laser beam profile associated with the pump condition described
above is shown in Fig. 5.6b. It is transversely localized and highly resembles the
pump beam profile. However, the laser effective beam radius is at its stabilized
form because of the laser stabilization condition which requires multiple round trips
and amplification in the cavity. Notice that the localized laser beam in an active
g-TALOF requires a localized pump beam, because g-TALOF supports numerous
localized modes that are distributed across the transverse dimensions of the fiber
and an extended non-localized pumping can excite many of these localized modes
simultaneously, resulting in an extended output laser signal. We emphasize that in
a non-disordered fiber without mode localization, even localized pumping does not
result in localized lasing. In Figs. 5.5 and 5.6, the output laser beam follows the
transverse position of the input pump. Localized states in g-TALOF trap the beam,
which is propagating back and forth between air-fiber interfaces. In other words,
the disorder induced localized states form several isolated channels located across
the transverse dimension of g-TALOF. Upon excitation of one of these channels by
a narrow input pump, the system starts lasing by the feedback provided through the
4% reflection at each air-fiber interface. Therefore, the presence of the TAL and the
Fabry-Perot formed by the air-fiber interfaces results in a directional random laser.
Evaluation of g-TALOF laser beam quality based on the variance method [57, 103]
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Figure 5.6: TAL of pump and laser in the Anderson localized regime. Anderson
localization of the: a) pump beam near the edge, and b) laser beam associated with the
pump condition in part (a). The air-holes of g-TALOF are filled with rhodmaine 640
solution in ethanol; therefore, step-index guiding is not playing a role. Laser beam profile
is transversely localized and follows the transverse position of the pump.

followed by a short discussion about the directionality is provided in Sec. 5.6.
As we mentioned earlier, TAL is stronger near the boundaries of g-TALOF in
comparison to the central regions of the fiber due to the higher disorder in these
regions [33]. In order to compare the results with previous analysis on passive gTALOF, the pump beam is launched at two different transverse positions of the
active g-TALOF by scanning the pump objective using a precision XYZ translation
stage. Subfigures 5.7a and b, show the laser beam profile at the output facet of
g-TALOF when the input pump beam is launched near the edge and the center of
g-TALOF input facet, respectively (residual pump beam profiles are not exhibited in
this Figure). Clearly, Anderson localization occurs more strongly around the edge of
g-TALOF in agreement with the results reported in Ref. [33]. Because the presented
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Figure 5.7: Stronger localized lasing near the edge of g-TALOF. Localization of
the laser is stronger near the boundaries. A narrow pump beam is scanned across the
input facet of g-TALOF to excite disorder induced channels a) near the edge, and b) at
the center of the disordered fiber, respectively. Stronger TAL near the edge results in a
narrower output laser in comparison to the central regions.

results are solely due to TAL and step-index guiding is absent, we call this regime
of laser operation as Anderson-localized regime in the sections that follow.

5.3
5.3.1

Origin of localized lasing
Localized lasing modes

In order to further investigate the presence of localized lasing modes in active gTALOF, we have numerically calculated guided modes of the system using the Finite
Element Method (FEM). A small imaginary part is added to the refractive index of
the dye-filled air-holes to represent the gain. The refractive index profile used for
simulations is shown in Fig. 5.4. If calculated modes are Anderson localized, the
system can potentially support localized lasing. Here, we only show results in the
Anderson-localized regime of laser operation, but similar results have been verified
for the mixed regime as well.
The simulations are performed in the frequency domain for a wavelength that
falls inside the emission spectrum of the laser (around 610 nm). The refractive index
of the host glass is set at 1.46, and that of the dye-filled air-holes is set at 1.37 with
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a small imaginary part. Fig. 5.8a shows the time averaged power flow of a typical
calculated mode. The background pattern is the transverse geometry of g-TALOF
extracted directly from its SEM image. The calculated mode is clearly localized
due to the presence of transverse disorder and strong multiple scattering. We note
that other methods such as local step-index guiding or photonic bandgap guiding
can also be used to localize light but are not playing a role in the structure studied
here [28, 33]. The impact of TAL can be verified by decreasing the refractive index
contrast between the dye-filled air-holes and the host glass. In this regard, Fig. 5.8b
shows a typical guided mode with exactly the same configuration as Fig. 5.8a except
with the refractive index of the dye-filled air-holes set at 1.459. Decreasing the
refractive index contrast and therefore scattering strength has clearly reduced the
impact of TAL such that the localization radius of the mode is larger than the
system size, so it appear to be nearly extended over the entire transverse dimensions
of g-TALOF.

Figure 5.8: Calculated localized lasing modes. Time average power of typical calculated lasing modes. a) The localization length is smaller than the system size due to
strong transverse disorder and TAL. b) Reduced scattering strength, in comparison to part
a, leads to a weaker TAL, and therefore localization length is larger than the system size
and the mode nearly covers the entire transverse dimensions of g-TALOF.

70

Chapter 5. Random lasing in TALOF

5.3.2

Localization in passive g-TALOF

TAL in g-TALOF has been rigorously explored in Ref. [33]. However, the reported
results were for a passive g-TALOF without any dye filling. It is important to
note that filling the air holes of g-TALOF with ethanol or benzyl alcohol reduces
their refractive index contrast with the host glass which causes a weaker TAL [29].
Another important difference is in the wavelengths of the laser and pump used here
in comparison to the 405 nm diode laser used in Ref. [33]. Here, we report TAL in
g-TALOF filled with ethanol. Results are similar to the case of g-TALOF filled with
benzyl alcohol, which are not reported here. We emphasize that the ethanol used
here is pure (∼ 99% purity) with no dye solute. A He-Ne laser (center wavelength
∼ 633 nm) is used to carry out the experiments, because its wavelength is in the
emission range of g-TALOF laser that is reported later in this chapter (see Fig. 5.10).
The experimental setup is similar to Fig. 5.3 except that the Nd:YAG laser is
replaced with the He-Ne laser, and g-TALOF used in the experiment is filled with
pure ethanol. Figure 5.9a shows near field image of the tip of g-TALOF at the
output. The input objective (OBJ1 in Fig. 5.3) is scanned across the input facet
of g-TALOF to compare localization near the boundaries with the central regions.
Clearly, localization is stronger when the objective launches the input beam near
the boundary of g-TALOF, shown in Fig. 5.9a, compared with Fig. 5.9b, where the
input beam is launched near the center. These results show that g-TALOF supports
strongly localized modes in the spectral emission range of g-TALOF laser even when
the air holes are filled with ethanol, in comparison with Ref. [33] where the air holes
are open.
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Figure 5.9: Localization in passive g-TALOF. TAL in passive g-TALOF filled with
ethanol: a) near the edge, and b) at the center. The disordered fiber supports strongly
localized modes in the spectral emission range of g-TALOF laser even when the air holes
are filled with ethanol, in comparison with Ref. [33] where the air holes are open. TAL is
stronger near the boundary of g-TALOF in agreement with Ref. [33].

5.4
5.4.1

Laser spectrum
Anderson-localized regime

In Ref. [104], lasing in a dye filled porous glass disk was reported. The scattering
strength in the system was weak and therefore the results were in the diffusive regime.
It was shown that, the emission spectra of such an amplifying disordered medium
were distinct and uncorrelated at each shot of the identical pump pulses. This behavior was explained based on the strong coupling of modes initiated by spontaneous
emission, and Anderson localized regime was suggested to reduce mode competition
and chaotic behavior of the random laser. Here, we study the stability of g-TALOF
laser emission spectra. Our results show that, for a strongly localized lasing mode,
the spectrum remains nearly unchanged at consecutive shots of the pump pulse train.
Figure 5.10 shows a strongly localized lasing mode and the associated emission
spectra; the emission spectrum under pumping with three successive identical pulses
are shown in subfigures 5.10b, c, and d. The spectrum shows a relatively high
stability; the narrow spikes remain at the same wavelength in contrast to Ref. [104]
where the spikes appeared at distinct wavelengths under excitation with identical
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Figure 5.10: Laser emission spectrum in the Anderson localized regime. a)
a strongly localized lasing mode and its associated spectra under excitation with three
individual pump pulses in b, c, and d. The spectrum shows high stability as the narrow
spikes remain the same under excitation with individual pump pulses in contrast to the
results presented in Ref. [104].

pump pulses. In order to quantify the stability of g-TALOF laser spectrum, we
use NMISE (see Materials and Methods), as a measure of the spectrum fluctuations
over 100 successive identical pump pulses. The calculated value of NMISE for the
strongly localized mode in Fig. 5.10a is very small (∼4%) which indicates the high
spectral stability. To further investigate the impact of localization strength on the
spectral stability of the laser, here we present a comparison between the laser emission
spectra in two different levels of localization strength; dye solutions with two different
values of refractive index are used and the spectral stability of two lasing modes in
g-TALOF filled with these solutions are compared. For a higher refractive index
contrast in the Fig. 5.11a, a strongly localized mode is excited in the system and
a high spectral stability is observed (N M ISE ≈ 3%). However, by reducing the
refractive index contrast in Fig. 5.11b (∆n = 0.06), modes become less localized
and spatially broader. The recorded laser spectra in this case is significantly broader
along with chaotic fluctuations. The value of N M ISE calculated for the less localized
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lasing mode is around 12% indicative of the higher level of fluctuations in the emission
spectra.

Figure 5.11: Dependency of the spectral stability to the localization strength.
a) A large refractive index contrast between the g-TALOF host glass and the dye solution
is used. The lasing mode is strongly localized and the emission spectra is highly stable
(N M ISE ≈ 3%). b) a lower refractive index contrast in the disordered system, reduces
the localization strength. The lasing mode is less localized and spatially broader. The
emission spectra shows a higher level of fluctuations (N M ISE ≈ 12%).

High spectral stability of g-TALOF laser is understood based on the strong mode
confinement granted by the localized states; as discussed earlier, disorder induced
localized states form guiding channels located across the transverse dimension of the
disordered fiber. Once a narrow pump beam excites one of these channels, the system
starts lasing by the feedback provided through reflections at air-fiber interfaces. TAL
reduces mode competition which is the underlying mechanism that causes chaotic
fluctuations in the emission spectra of random lasers with weak mode confinement
such as the one reported in Ref. [104].
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5.4.2

Mixed regime

Figure 5.12 shows the emission spectrum in the mixed regime at different pump pulse
energy levels. Inset shows the linewidth narrowing with respect to the pump energy.
As expected, the laser spectrum narrows as the pump power increases; narrow spikes
on top of the global narrowing of the laser spectrum is evident. In this regime of
laser operation, the emission spectrum depends highly on the pump condition, where
scanning the pump across the fiber input facet affects the spectrum significantly
(not shown here). This is due to the local waveguides formed at various transverse
positions of the fiber as explained previously. Because these local waveguides have
diverse geometries due to the random nature of the fiber, emission spectrum varies as
the pump is scanned, exciting different local waveguides across the fiber cross section.
We note that we have also analyzed the dependence of the lasing wavelength on the
dye material and its concentration, but the results are not presented here because
they were consistent with frequently reported characteristic signatures of the dye
lasers [105, 106]. In all results of this section, we have used the same dye material
with equal concentration to avoid their impact on our analysis.

5.5

Pulse shape

The laser signal is measured in the time domain using a ¡300 ps response-time photodetector and an 8 GHz oscilloscope for various pump energies below and above
lasing threshold. Fig. 5.13a shows the laser pulse in Anderson-localized regime and
Fig. 5.13b shows it in the mixed regime. The insets in both figures show the temporal profile of the pump pulse. When the pump pulse temporal front (left-side)
hits the dye molecules, the signal rapidly grows as can be seen in the temporal front
(left-side) of the signal. Well below the lasing threshold (1.4 µJ pump pulse energy
in Fig. 5.13a), the excited dye molecules go through a (relatively slow) spontaneous
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Figure 5.12: Laser emission spectrum in the mixed regime. Narrow spikes on top
a global narrowing of the spectrum can be seen. Emission spectrum in this regime of laser
operation is highly sensitive to the pump position due to the impact of step-index guiding
inside local waveguides with diverse geometries across the disordered fiber. Inset shows
the linewidth narrowing with respect to the pump energy.

decay, which explains the slow fall-off in the temporal back (right-side) of the spontaneous emission signal. The exponential decay in the pulse tail has a ∼ 5 ns time
constant in agreement with the previously reported emission lifetime of rhodamine
640 [107]. In the opposite case when the pump energy is high enough to set the system well above the lasing threshold (10 µJ pump pulse energy in Fig. 8a), the laser
pulse follows almost exactly the temporal profile of the pump as is expected when the
stimulated emission dominates the spontaneous emission in the laser dynamics. The
case with 4.5 µJ pump pulse energy in Fig. 5.13a represents the transition region
where there is a mixture of stimulated and spontaneous emission. Similar behavior is observed in the mixed regime shown in Fig. 5.13b. However, the threshold is
quite smaller in the mixed regime because of the larger interaction between the gain
medium and the optical field due to step-index wave-guiding. The strong interaction
results in a larger effective gain hence lowering the lasing threshold.
The reported observations clearly indicate the underlying role of Anderson localization in the lasing behavior of the random fiber laser. The modes of this laser are
transversely localized and strongly resemble the modes of the passive system. The

76

Chapter 5. Random lasing in TALOF

Figure 5.13: Laser pulse shape. Laser pulse in a) Anderson-localized regime, and
b) mixed regime of laser operation where the inset is related to the pump pulse. Pulse
shortening beyond threshold is apparent in both regimes of laser operation.

dynamics of lasing is dictated by the coupling between the transverse quasi-cavities
formed by Anderson-localized modes and the longitudinal Fabry-Perot cavity established by the 4% reflections at the air-fiber interface of fiber tips. The key observation
is directional random lasing mediated by Anderson localization in an optical fiber
medium. Applications of previously reported random lasers are limited mainly because of their multi-directional emission and chaotic fluctuations, where their weak
mode confinement results in a high degree of mode competition and therefore chaotic
fluctuations. The demonstrated flexible fiber based random laser in this work clearly
operates in the regime of Anderson localization leading to a spectrally stable and
highly directional random laser. Disorder induced localized states form several iso-
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lated channels located across the transverse dimension of g-TALOF. The presence
of these guiding channels in conjunction with the Fabry-Perot formed between gTALOF tips assures a directional random laser. In this implementation, if a narrow
pump beam excites one of the disorder induced channels across g-TALOF input
facet, the output laser beam follows the transverse position of the pump. On the
other hand, under extended input pumping g-TALOF laser results in a laser beam
with a very low spatial coherence; we investigate and verify this in the Sec. 5.7 by
performing the Young double slit experiment [108, 109].
Recently, random lasers have been applied for speckle free imaging, where it is
shown that spatial incoherency helps in avoiding the formation of speckle patterns
in optically rough media [110]. In Ref. [32], the randomness in a disordered fiber was
used to scramble the incoming spatially coherent laser light and ensured an effective
spatial incoherence that improved the image transport metrics. We suggest that
using a coherent fiber bundle but with a spatially incoherent laser beam can achieve
the same goal, constituting a viable practical application for the system studied
in this chapter. The presented work should be viewed as a proof of concept and a
proposed platform for potential practical applications. We note that dye-based lasers
suffer from optical bleaching; however, it it possible to circulate a dye solution even
in a fiber-based platform [107] or use gases as the gain material [111]. A similar effort
can be also carried out using Er-doped and Yb-doped random fiber lasers, where the
same principals will apply and similar behavior will be expected.

5.6

Beam quality of g-TALOF laser output

Here we present the experimental results regarding the beam quality evaluation of
the directional g-TALOF random laser. The σ method [57, 103] is applied. The
experimental setup is presented in Fig. 5.14a. The output of g-TALOF laser is
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captured by a microscope objective and a CCD beam profiler is used to record
the pattern. The pattern is recorded at its minimum beam width and a few other
neighboring distances and is fitted to a quadratic function of Z (distance from the
focal point) from which the value of M 2 is extracted. The output pattern at two
distances from the focal point are shown in Fig. 5.14b, and c. An M 2 ≈ 16 is
achieved for a typical lasing mode using this approach, which is of the order of M 2
values reported for higher order modes of a multimode step-index fiber.
We also point out that directionality of the random laser presented in this work
is due to the guided nature of g-TALOF. The approximate numerical aperture of
the fiber which is calculated from the index difference of the high-index (n1 ) and
low-index spots (n2 ) determines the sine of the far-field emission angle where for
∆n = 0.1, the cone is approximately 30-degrees which is highly directional. Also
note that because of the guided nature of the fiber-based random laser, collecting
the laser light with a high-NA microscope objective is substantially more efficient in
this work.

Figure 5.14: M 2 measurement of g-TALOF laser. a) The experimental setup; the
output of g-TALOF laser is captured by a microscope objective and a CCD beam profiler
is used to record the pattern. The recorded patterns at z = 122, and 147 mm are presented
in b, and c, respectively.
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5.7

Spatial coherency of g-TALOF laser

Here we present the experimental results regarding spatial coherence of the g-TALOF
laser source. The output of the random laser in the Anderson localized regime
(N M ISE ≈ 3%), under extended input pumping, is used to perform Young double slit experiment [108, 109]. The experimental setup and the interference pattern
achieved by random laser illumination is shown in Fig. 5.15. In this figure, part a
is the experimental setup where the output is collected by OBJ2 and used to illuminate the double slit of width 80 µm and center-to-center spacing 500 µm. The
interference pattern is reordered by a CCD beam profiler. Part b shows the pattern
formed when the double slit is illuminated by the output of g-TALOF laser, and
part c shows the intensity distribution along a narrow horizontal line crossing the
interference pattern in part b. Part d and e are interference pattern and intensity
distribution when the double slit experiment is repeated with a spatially coherent
He-Ne laser. For the random laser case, no interference pattern is observed, verifying
spatial incoherence of the random laser. From a physical point of view, several localized lasing modes randomly distributed across the transverse dimension of g-TALOF
with random phase lase and beat incoherently.
To summarize this chapter, the flexible fiber based random laser demonstrated
in this chapter clearly operates in the regime of Anderson localization leading to
a spectrally stable and highly directional random laser. Disorder induced localized
states form several isolated channels compactly located across the transverse dimension of g-TALOF. Upon excitation of one of these channels by a narrow input pump,
the system starts lasing by the feedback provided through the 4% reflections at each
air-fiber interface. In this implementation, a point to point correspondence between
the transverse position of pump and output laser is achieved. Transversely localized
laser signal is associated with a more stable frequency response as long as the localization properties are unchanged. The stability of the laser spectrum is attributed
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Figure 5.15: Coherency measurement of g-TALOF laser. a) Experimental setup;
the g-TALOF laser output is collected by OBJ2 and used to illuminate the double slit of
width 80 µm and center-to-center spacing 500 µm. b) The interference pattern formed
when the double slit is illuminated by the output of g-TALOF laser, and c) the intensity
distribution along a narrow horizontal line crossing the interference pattern in part b. d)
and e) are interference pattern and intensity distribution when the double slit experiment
is repeated with a He-Ne laser.

to the strong mode confinement provided by the localized states in g-TALOF.
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Disorder induced high-quality
wavefronts
High-quality single-mode or diffraction-limited beams are of significant importance
in lasers [112] and optical communications [113]. Laser beam quality is critical in
a variety of applications including material processing and nonlinear optics. An
effective method to enhance beam quality and obtain a nearly diffraction-limited laser
beam is to pass the light through a ”long enough” single-mode optical fiber [114].
Combination of the long amplification lengths and high beam qualities, provided by
various forms of active single-mode fibers, has enabled significant power scaling in
the laser technology [115].
In a recent study, it has been shown that localized modes of a disordered fiber
can be exploited for single-mode transmission [75]. TALOFs have already been
successfully used for image transport [32, 34] and making directional and highly
stable random fiber lasers [39]. For use in optical communications, the modal and
chromatic dispersion properties of the localized modes should be studied in detail.
The rich spectral properties of these fibers also hint at their potential applications in
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cavity quantum electrodynamics [116], optical sensing [117], and wavelength division
multiplexing [75].
In this chapter, we evaluate the beam quality of highly localized modes in a glassTALOF. It is shown that a high degree of wavefront quality can be obtained due
to the disorder-induced Anderson localization. A large number of localized modes
exhibit M 2 < 2 values indicative of nearly diffraction-limited beam qualities. We
start by evaluating the beam quality of 1500 numerically calculated localized modes
in the disordered fiber and observe the presence of high-quality modes at various
locations across the transverse profile of the fiber. Highly localized modes are then
experimentally excited in the disordered fiber. An experimental evaluation of the
beam quality of the localized modes proves the validity of our numerical predictions.
Finally, we use a high-quality localized beam at the output of the disordered fiber in
a Young double-slit experiment and show that the spatial coherence of the localized
mode is comparable to that of a high-quality wavefront extracted from a single-mode
optical fiber.

6.1

Numerical simulations

Glass-TALOF used in this work is fabricated at the University of Central Florida
using silica rods and tubes in a stack-and-draw approach [34]. A Scanning Electron
Microscope (SEM) image of the fiber and a magnified version are shown in Fig. 6.1a
and Fig. 6.1b, respectively. The dark sites are representative of the air-holes which
remain the same along the disordered fiber [29]. Transverse randomness of the refractive index profile results in strong scattering and therefore TAL.
Figure 6.2a shows a numerically calculated localized mode in the fiber using
the Finite Element Method (FEM). The geometry of the fiber is directly extracted
from the SEM image and imported to COMSOL. The mode is calculated at λ =
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Figure 6.1: a) SEM image of the tip of glass-TALOF. The darker sites are the
airholes. b) Magnified SEM image shows the details of the air-holes in a portion of
the fiber cross section.

632.8 nm, the wavelength of HeNe laser used for the experiments. The calculated
mode demonstrated in Fig. 6.2a is numerically propagated along the z direction in
free space using a Fast Fourier Transform algorithm. The beam waist across the
rectangular coordinate x (y) is calculated by wx = 2σx (wy = 2σy ) where σx (σy ) is
the standard deviation of mode intensity profile:
Z
Z
2
2
2
σx = dA (x − x̄) I(x, y), σy = dA (y − ȳ)2 I(x, y)
Z
Z
x̄ = dA x I(x, y), ȳ = dA y I(x, y).
where

R

dA ≡

RR

dx dy, (x̄, ȳ) represents the mode center coordinates and

(6.1)
(6.2)
R

dA I(x, y) =

1. The value of Mx2 and My2 are extracted using the variance method (see Section 1
in Supplement 1 for details) [57,118,119]. Figure 6.2b shows M 2 values for this mode
along the x and y coordinates. Mx2 , My2 ∼ 1 is indicative of the nearly diffractionlimited beam quality of the localized mode.
Glass-TALOF possess several thousands of guided modes that can be estimated
by the common V number formula:
q
2πa
V2
N≈
, V =
n22 − n21 ,
2
λ

(6.3)

where N is the number of the modes, a = 140 µm is radius of the fiber, n1 = 1 and
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Figure 6.2: a) A numerically calculated mode, and b) its M 2 values in x and y
coordinates. c) Histogram of the calculated Mx2 for 1000 localized modes. d) Density
histogram representative of the location of the modes. e) The same as part c in
presence of additional 500 calculated modes. f) Density histogram representative of
the location of the modes in part e.

n2 = 1.46 are the refractive indexes of air and silica, respectively. For λ = 632.8 nm,
the total number of the modes is N ≈ 106 . Therefore, considering the statistical
nature of the localization in the disordered fiber, the high quality of one individual
localized mode cannot be necessarily extended to the entire pool of the guided modes
in the fiber [11, 26, 120–123].
Guided modes of the disordered fiber have a wide range of transverse spatial
frequencies (kT ):
kT = (

2π q 2
) n2 − n2ef f ,
λ0

0 < kT < (

2π
)
λ0

q
n22 − n21 ,

(6.4)

where n1 , n2 , and nef f are the air, silica, and effective mode refractive indexes,
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respectively. We choose to investigate the modes with lowest kT because those which
possess large kT cannot be excited in our experimental setup. It should be noted
that limiting semi-analytical calculations of such systems to excitable states is quite
well known [21, 51].

6.1.1

High-quality wavefronts in a large ensemble of calculated modes

In the following, we consider 1000 modes with the largest effective refractive index
(all calculated at λ = 632.8 nm) corresponding to the lowest transverse spatial
frequencies. This ensemble is adequately representative of all the modes that can
be excited in glass-TALOF in actual experiments with a fiber launch (see Section 3
in Supplement 1 for details) which has a typical numerical aperture N A = 0.14,
because the effective refractive index of the modes that are likely to be excited are
limited by the NA of the launch fiber.
Figure 6.2c shows a histogram of numerically calculated Mx2 values for 1000 localized modes with the highest effective refractive index values. Vertical axis is the
number of modes that correspond to the relevant Mx2 on the horizontal axis. Based
on this result, although modes with M 2 < 2 peak in the histogram, they are not
statistically dominant in the entire landscape of fiber modes. A density histogram
of the transverse position of the calculated localized modes in part c is shown in
Fig. 6.2d. The transverse position of the modes are calculated from Eq. 4.2. The
value of each pixel in Fig. 6.2d is the number of localized modes such that the sum
of all pixel values is equal to 1000; the distribution of the modes is nonuniform.
The results shown in Fig. 6.2c and Fig. 6.2d may appear to contradict the experimental results in Fig. 6.4 and Fig. 6.5, where the single mode channels are abundant
and can be easily excited. The answer to this puzzling situation is that we have been
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solving for the modes with the highest effective refractive index (otherwise the total
number of modes would be enormous), because of the limited numerical aperture of
the launch fiber. However, it appears that the nonuniform air fill-fraction in Fig. 6.1a
biases our results towards regions with low air-hole density , over which the hot areas
appear in the sparse density histogram in Fig. 6.2d.

6.1.2

Impact of non-uniform air fill fraction

In order to prove this observation and mitigate the aforementioned bias, we manage
to solve for the modes located in the regions with higher density of air-holes. For accomplishing this goal, we choose five separate circular domains with a radius around
r ≈ 35µm and calculate modes in these domains (see Section 2 in Supplement 1 for
details). We add the Mx2 of 100 modes from each domain to the previous ensemble
shown in Fig. 6.2d and plot the histogram of the new ensemble in Fig. 6.2e: the
histogram clearly shows that several high quality modes are added to the statistical
ensemble compared to Fig. 6.2c. The M 2 < 2 modes are even more probable in these
regions due to the fact that air fill-fraction is larger in the added computational domains and therefore the localization is stronger in them, which is directly causing the
presence of more high-quality wavefronts in them. Apparently, Fig. 6.2f is indicative
of a more uniform mode distribution because modes from the five domains, which
were absent in Fig. 6.2c, are added in this figure.
In order to further investigate the impact of air fill-fraction, both in terms of
the participation ratio and uniformity, we show the simulation results related to
a TALOF with optimal design parameters from Ref. [29] in the following. The
refractive index contrast is kept the same but a 50% fill-fraction is used (see Section 2
in Supplement 1 for details). Fig. 6.3a and Fig. 6.3b show the histogram of Mx2
values for nearly 500 localized modes and the distribution of them across the profile
of the fiber, respectively. The uniformity of air fill-fraction not only improves the
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distribution of the modes, but also increases the localization strength and therefore
quality of the modes; Mx2 < 2 modes are quite dominant in Fig. 6.3a.

Figure 6.3: a) Histogram of Mx2 values for a TALOF with optimal parameters. b)
Density histogram of the mode locations. Modes are distributed uniformly across
the transverse profile of the disordered fiber.

6.2

Experimental evaluation of the wavefront quality in the glass-TALOF

In the following we manage to excite strongly localized modes of glass-TALOF in
an experimental setup and evaluate their beam quality values using the variance
method (see Section 1 in Supplement 1 for details) [57, 118, 119]. The output of a
HeNe laser is coupled into a single-mode optical fiber (T horlabsSM 400) and directly
butt-coupled into a 155 cm long segment of glass-TALOF. The launch transverse
position is scanned accurately across its input facet (see Section 3 in Supplement 1
for details).
Figure 6.4 shows the beam profile of two experimentally excited localized modes.
The localized modes highly resemble the numerically calculated mode in Fig. 6.2a.
The corresponding M 2 values in x and y coordinates are also demonstrated in
Fig. 6.4. Excellent M 2 < 2 values prove the nearly diffraction-limited beam pro-
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Figure 6.4: a, b) Two experimentally exited modes and their M 2 values in x and y
coordinates. Mx2 , My2 ∼ 1 are indicative of nearly diffraction-limited beam quality of
the localized modes.

files of the localized modes. A histogram of M 2 values for 30 localized modes in x
and y coordinates are shown in Fig 6.5a and Fig 6.5b, respectively. The majority of
the modes show M 2 < 2.
It is critical to note that the highly localized modes are excited easily by probing
the launch fiber across the facet of glass-TALOF. The disordered fiber contains a large
number of modes with a high degree of beam qualities. The high-quality localized
beams are obtained because of the disorder and the strong scattering which results
in a highly confined and isolated beam.
The disordered fiber studied here is a highly multi-mode fiber, naturally, as it
possesses several thousands of modes due to its large transverse size. The main
difference between glass-TALOF and conventional multimode fibers is that the modes
are spatially isolated due to strong TAL. A direct advantage of this distinction is that
each mode can be easily excited, without assistance of expensive and sophisticated
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Figure 6.5: Histogram of M 2 evaluated for 30 localized modes in a) x coordinate and
b) y coordinate. Several modes have M 2 < 2.

spatial light modulators [75]. Moreover, a large number of the localized modes can
feature a high degree of wavefront quality as a direct consequence of strong spatial
confinement provided by TAL, similar to single-mode fibers [75].
A unique feature of high-quality wavefronts is their degree of spatial coherence;
a wavefront that contains several modes results in a speckle pattern, whereas singlemodes exhibit a high degree of spatial coherence [124]. In the following, we investigate
spatial coherence of a localized mode. Figure 6.6a shows the experimental setup used
for this purpose. The output of glass-TALOF is collected by a 60x objective and
used to illuminate the double slit of width 80 µm and with 500 µm center-to-center
spacing. The interference pattern is recorded by a CCD beam profiler. Fig. 6.6c,
and Fig. 6.6d are the interference pattern generated by the mode in Fig. 6.6b and
the intensity distribution averaged over all vertical lines in the interference pattern,
respectively. Clearly, the localized beam forms a clear interference fringe at the
far-field, indicative of high spatial coherence of the beam.
In their pioneering work, Ballato’s group at the Clemson University fabricated
the first reported glass-TALOF from a porous glass preform in 2012 [33] and the fiber
was later used for the analysis of the spatial coherence of the localized modes [125].
A weaker disorder and TAL resulted in a relatively washed out interference pattern
which can be attributed to the simultaneous excitation of extended modes along with
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Figure 6.6: a) Experimental setup for spatial coherence measurement: a localized
mode is excited and the beam at the output of the glass-TALOF is used in a Young
double slit setting. b) The localized beam profile used for spatial coherence evaluation. c) Interference pattern generated by the localized mode. d) intensity distribution averaged over all vertical lines in the interference pattern of part c.

localized ones [125]. The stronger TAL in the glass-TALOF used in this study enables
excitation of individual localized modes and therefore a higher degree of spatial
coherence. Stronger TAL in the glass-TALOF used here is a result of higher air fill
fraction in the fiber. In the previous glass-TALOF, the air fill fraction was ranging
between 2 − 7% depending on the transverse location whereas glass-TALOF used
here has ∼ 20% air fill fraction and therefore a much stronger transverse disorder.
The ideal fill fraction to optimize localization strength is 50% [29] (see Section 2 in
Supplement 1 for details).

6.3

Applicability of variance method

In this section we elaborate on the variance method, which is used in this chapter
for calculation of Mx2 and My2 of the localized modes in the disordered fiber. As
explained by Siegman in Ref. [112], it can be shown that the center of gravity of the
beam (x̄1 , x̄2 ) always travels rigorously in a straight line when diffracting in vacuum,
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if it is defined according to the first moment of the beam as
ZZ
x̄ =
ZZ
ȳ =


dx dy x I(x, y) ,

(6.5)


dx dy y I(x, y) .

The universality and mathematically rigorous formulation of the variance method is
the main reason behind its adoption for M 2 evaluation. It can be shown that the
second moment of any finite beam obeys a universal, rigorous, quadratic free-space
propagation rule of the form
2
2
σx2 (z) = σ0x
+ σθx
× (z − z0x )2

(6.6)

2
2
σy2 (z) = σ0y
+ σθy
× (z − z0y )2 ,

where σ0x and σ0y represent the variance at the beam waist in the x and y directions;
σθx and σθy are the variances of the angular spread of the beam departing from the
waists; and z0x and z0y are the locations of the beam waist along the z axis. As stated
in in Ref. [112], “this quadratic propagation dependence holds for any arbitrary real
laser beam, whether it be Gaussian or non-Gaussian, fully coherent or partially
incoherent, single mode or multiple transverse mode in character. Moreover, at least
so far as anyone has proven, this quadratic dependence of beam width is rigorously
true only for the second-moment width and not for any other of the width definitions
listed above.” The second moment is calculated according to
2

ZZ

σx =
2

σy =

ZZ

dx dy (x − x̄)2 I(x, y),

(6.7)

dx dy (y − ȳ)2 I(x, y),

where the beam is assumed to be normalized according to

RR

dx dy I(x, y) = 1. The

beam widths are defined as Wx = 2σx and Wy = 2σy . The value of Mx2 and My2 are
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extracted from the following expressions
2
λ
=
+
×
(z − z0x )2
π W0x

2
λ
2
2
4
Wy (z) = W0y + My ×
(z − z0y )2 .
π W0y
Wx2 (z)

6.4

2
W0x

Mx4



(6.8)

Geometry of glass-TALOF

Figure 6.7 shows the geometry of glass-TALOF used in numerical simulations. In
Fig. 2c and Fig. 2d of the main text, the entire geometry is imported to COMSOL and
1000 modes with the highest effective refractive index are calculated; the program
was biased towards the modes located in these regions where lowest air fill-fraction
exist and therefore the effective index of the material is larger in them. In order to
overcome this problem, we choose to solve for the modes in regions with large air
fill-fraction, separately. Red circles in Fig. 6.7 are representative of five individual
domains that are used to calculate modes of the high air fill-fraction regions in Fig. 2e
and Fig. 2f of the main text. Notice that, 100 modes of each domain is calculated
individually where the circular domain is extracted and imported to COMSOL. A
scattering boundary condition is used to minimize the impact of outer boundaries of
the individual domains on the results.

6.4.1

Impact of air fill-fraction

In this section we show the refractive index profile of an ideal TALOF described
in the main text and compare the quality of modes in two TALOFs with different
amount of air fill-fraction (10% and 50% specifically). Fig. 6.8 shows the refractive
index profile of an ideal TALOF [29, 31]. The fiber consists of a 100 × 100 array of
unit cells with a = 1µm where a is the dimension of the unit cell. The refractive
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Figure 6.7: Geometry of glass-TALOF. Red circles are the numerical domains used
in Fig. 2e and Fig. 2f of the main text.

index of each unit cell is chosen randomly between n1 = 1 and n2 = 1.5 with an equal
probability. Fig. 6.8b is exactly the same fiber except for a case where the refractive
indexes are not chosen with an equal probability. In this case, one out of ten pixels
is randomly chosen to have n1 = 1 and therefore we end up with a structure which
has a 10% air fill-fraction.
Figure 6.8c is representative of the histogram of the calculated modes in a fiber
with Fig. 6.8b characteristics and its relevant density histogram demonstrating the
distribution of the modes is shown in Fig. 6.8d. The lower air fill-fraction has reduced
the number of high quality modes. Please note that Fig. 6.8c should be compared
with Fig. 3a of the main text. Based on previous analysis we expected this result;
the ideal air fill-fraction for strongest localization is 50% based on the findings of
Ref. [29]. It is quite expected that strongest localization automatically can result in
improvement of the quality of the modes’ wavefront.
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Figure 6.8: a) Refractive index profile of an ideal TALOF with a uniform 50% air
fill-fraction. b) Refractive index profile of a TALOF with 10% air fill-fraction. c)
Histogram of the Mx2 values for the 10% air fill-fraction. d) Density histogram of the
location of the modes for the 10% air fill-fraction.

6.5

Experimental methods for evaluating M 2

The experimental setup used here is demonstrated in Fig. 6.9. The output of a HeNe
laser is coupled into a single-mode optical fiber (T horlabsSM 400). A high precision
xyz translation stage (T horlabsM AX343) is used to butt-couple the output of the
single-mode fiber into a 155 cm long segment of glass-TALOF and scan the launch
transverse position accurately across its input facet. The output of glass-TALOF is
magnified by a 60x microscope objective. Light after the objective freely propagates
and the beam profile is captured at different locations along the z axis by a CCD
beam profiler.
To summarize this chapter, we presented our numerical and experimental study
on wavefront quality of a subset of the localized modes possessing the lowest trans-

95

Chapter 6. Disorder induced high-quality wavefronts

Figure 6.9: Experimental setup for M 2 evaluation.

verse momentum in a disordered optical fiber. The analyzed guided modes demonstrate M 2 < 2 values and are distributed across the tip of the fiber. We experimentally excited the high-quality localized modes and evaluated their M 2 values
at the output. The results confirm our numerical study. The localized modes also
present a high degree of spatial coherence similar to the output of single-mode fibers.
Therefore, nearly diffraction-limited beam qualities are obtained in the disordered
medium. Application of these high-quality modes along with recent advances in
TALOF lasers [39] can foster a new class of single-mode fiber lasers.
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